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Waal; iomh iLC^ ""';a^r^^ jf"£ . 

p4ij%», the ^LiOi© numerfcl aeans three tar-dred fifty •Ight* 

People did not Alvars use thli lyr^.em for writing cimtriJ,?^* When 
primltiTe pfiople kept £ ^^^c^^^d ef a rusib^r, they often did it makimg 
scratobes in the di"-% or itor«| eutting notcb«i ic 4 »t.ick, or 

tji^p toot* ±ja a rcv'* • Tney icept tracic qi tneir nnoHp or oxner anxM^s 
by pitcin^ p#bbi«s iXi ^ p.^xt^ vti^s rox'^ Mch animal. LAter they imaw 
trAt iha^p wer^ miiBing if th©r^ waii riOt ona •h^ep for •mch pebblt* W© 

mEkiag qd# «ark for each votej like thlii i_^H^T \il • Th« Ijipcrtant 
tMng about "^hap-s ways of rt nrdirig nOTbcri i« that OEe Mark atands 
for one objaet, and there are at many lE^rkm as there objactf, Thiiy^ 
^^Id not have ^y mrks which stood fop ieveral things, much as our "S** 
to rti^ for ^'nillfM " or th© Reaan to atand for "UM!*" 

Jtach later, p'^ople ^-,gar t© uae a slagle ^mbol to atasd for 
several objecrta. The E|CTO\l«..a used symbols of this klndt They had 
dlfrerwt symbels for ^, 10, 100, 1000, 10,000, 100|000 and 1,000,000. 



EKLC 



1 



was '^f", reaembli^^: a c^oiitd rop^, vrots leTtn !-^-ii^*d a? 

The order Id wiiich tna iymboli were wr:i*' was not 
w»ir»H^*H« nrniiA >^ writtftn ftitber beTf e Or after thou- 
#aflda. They could write ""^y Ither asnAn '^'^ n a A . ^2341'' was 

wrlttenjf f9f A^^./^l or ? 1 7f Jha^^ I or 1 a/i^^ . Notiae that the 

fitssrieal vmlum of E^ptlar numeral i* the svm of the E\mberi 
repref*eDte^ ^bo ina i^ldual numeral 8* 

Th« BatylonianSy who llTea long ag© in the part of A»ia wiiich we 
eall the Middle East, had ai\ interesting war of writirig numerals. Tha 
did their writiRg en clay tablets with a wedge-like ifi» .na&ent called 
itylua* Tfe^ir «y»boi for 1 was ^ ajid their syabo^ foi IC wa0 ^ * 

They repeated and co»bin^ these ar^bola to write the numbers Up to 59 

4 

•jaaple, mearir twelve, and " meatt forty-flTe, 

To write numbers larger thL-n 59 th^y niir^d the same symbols ^ twt the 
poaltioo ill which they wex * v^l tan changed their Talue^ The^ «d 
the number sixty in tha saiie way th^t we use tec. If we writs A^.2p it 
ffi^^acf (4 X 10 r 10) ♦ (5 X 10) + (2x1). When the Bat^lonlans wrota 



ijnto sixty se^oi^ia is r ^''7; : r.- . v.. . onions ^snc Birtv 

1, How vonl'^ ' \^ 'z^x^jj'ior.' HZ. n...x^ir^- ■ > "-^ wr^i. L^^n in cn.ir 

riy^^r^^^, 'ri «^^t -ny:> shGWT n.ight tiiaj have 

hav^ 't»?Ti :^T. U^JMr ni^Hifir^Is, ""his system used Ltrokaa? 
^..-Ich MJ^7 nls^^.^ans believe wer^^ pic+.urts of ringers, for the mmbara 
from on© to i ^\xr , iiice wfiis, , ,\ ,\\ . I nam used a rmnd, 

r^*- ^4^* th^g . :.r%nuaiLv * hev be^as to leave out acme of 

^J3^ks and wrote ^iv« *his way: V« They put two hands together 
for tan^ X 1 which latfir became I. To writs other Dumbers they eos- 
h^njd those by additiw.,* For cample, XVII = 10 ^ 5 * 1 ^ 1 = \ 

3, Write the following in Roman nmerals: 

4* Write the following iu ord:?^ary Hindu*Aimbic numerals: 

Huch lateri thfi Romans began to use subtraction te write s^,e numbers, 
and wrote four as IV, nine as TX, and forty as L, As yoa Icdow, L 
means fifty, C maans 100, D means 500 ajid M means 1000. Sa«etijBes 
thoy wrote a h§Lr over X, C, and M, and that ^uitiplifid the Talue by 
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I*:*ok up t ne ^r^eW, . .. . ^-^r: ..::: . 

of thes^ notations f:- :r ^r/.r -Lms^--"- 

Hov wcuXd ;v T^- of 3 : 5 ^^3V^ b^an wr:tt^- by ^r^e.; 

chi^.? How wr^.... he wr.it^e jC ^ 50? now do-r -his cc-par^r 

vi^h tht us^- way oi sc^v^ng t'^^se tw^ probiomfc 

Choos. i nuxber and vrit- it i- as miiy diff^reni kinds 
of numerals as car.. 



Our of writ; '^g niimerais w^is inve-teti in ^ndiaj ana mr^^u^rw l-. 
i^urgpa ^ AraD3, ^or *ni3 reason tney are cai.^c nira.-AraT ic mineri^aj 
although the Bjm olB tne Ar^o^ ^£<? now differei.t from -;ur symbols, 
Th^ important characteriatice abcLr this system of uri^ ^ :g n^imerals are: 

(1) each syrtel la the n^Ji^ of ^ riLTberi 

(2) the position of a symbol 1^ a numeral tella the 
8'^^ of * [^"^'^iupi and 

f3> t.h^rR ' ■! A j^Wibf^l for ^lero. which da uised to 
fi.ll placers which would otheryiBe be Mpty 
and -night lead to ^ffUBderstacding* 

For example, 3 ia tha nm ral for a r^at o-^ t:r^^^ thi^.g?, jJ is th- 

numeral £'jt 3 collections oi ten ttUngs ^h, or thi^t^ hings. .300 is 

the mamsral for 3 collect Ions of one hundred .Kings ?ach. or three hun^ 

isw ly easier to , ..rfcrm with our system than with other systems, as 
you will see if you try to add or multiply uaj^ig E^ptlMi, Romsji, or 
Bal^lon^*'*^ nviaerals* 

The system we use for witing nuMermla is called a dygj^l system. 
The word ^decimal" comes frOT a lAtin word which means tan* We can 
writ© the mmeral for f ^ number, howeYer large or ^all, by uslBf; just 
tec nLmber symbols. 0* 1. 2, 3. 5* 6. 7* 8. 9. This is poflslbla* 
because the way we write nianerals makes use of plaee value| that ^ s, 
the position in which a symbol is written^ 'ia well as tne symbQij 
determljies the n^ber for which it stands. The 3 ixi 358 stands for 
tliree hamdreds^ the 5 for 5 tens or flfty^ and the 6 for eight units. When 
we c^ ^it a group of objects, we usually group them in tenSi For emmple, 




the x^s b^lo e line 



3 v: p p o s ^ w ha d a 1 a r g ^ 



ten uDti 1 f 0' 



line arcamd each group of ten^t^nE^ _or^^^nijndr©n , 











P 
















; ! 




< 


! * \ 





































< 






< 






< 


< 


< 


























< ) 








In this picture th- dashp Une is arouiid 1 group of 10 tens or 
1 hundred j there also 2 tens, and 3 uni^s* So tr^re are (ixiOxlO) - 

10. Draw tyenty-aeven x's» und draw lines arourd grout of 
ten to show what 27 means. 

Draw a group of x's iri rilcn oi tne ^ b ar« iij grw^upa 
of 10* Write the numeral for this grci^. 

Ut-^ + ^ tho m^mr^^T^Q^ of th^B^ numarsls in the way ahoTO for 4B* 
48 = (4x10) + (8x1) 



11* 



(b) 



f s 



(d) 320 

(e) -I 30 

Ij, Cony a. d complet? 
ROTan nm^rals* 



^ol jwin^ multiplication table^ using 
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Wht.^ we add ouaibers we make uat of groxipB of ten also. When U© 
oaj "How much is 9 + T?", we aean "How maa^ teni and ones?" So we do 
not say, "g+T^S+ll, " althoiigh that would ^ eo^ect. We can rep-oup 
a J follows: 

9+7 - 
(6+3) +7 ~ 
6+(3+7) = 



9*7 = 
9+(l+6) = 
(9+1) +6 = 
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16 



16 



We say our s stem of writing nmarals tas the ^se ten. 

Starting at Qoes* place, ©ach plaoa to the laft is given value 
10 times as large as the. plaee before* The placea from right to left 
have the values show below. 

lOxio^ioxioiao I 10x10x10x10 I loaaoiao ] lOiao j lo | i 1 

Oftec we write these values more briefly ^ uslstg a amflll WBieral 
to the right and above the 10* This aimeral shovs how mai^ 10 *s -xrm 
miltiplied together* In this way, the values of the plaees ^e wittasi 

io5 I 10^ I 10^ I lo^ ! iq1 I 1 I 

and are read 

10 to the fifth poverj 10 to the foiS'th power, 10 to tht third power (or 
10 cubed), 10 to the second power (or 10 squared), 10 to the first power. 
Numerals used as the 5$ 4f 3, And 1 are used above wa^^ oalled 

"exponents* and the numeral with *whieh they are used (In this ease, 10) 

7 

13 
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is eallfld tba t«s« . Th« nuiaber rnprtistnted by the entire expreaaloB, 
such as 10^, is nallad & power . 4^ is « short wny to write Aje4x4. 

14. Wbat/ii a short way to write 3x3x3x3? 

15 . Wlat is the meaning of 5^? 

16. What mittber is represented by U^t 

' 3 4 

17. Whieh represents the larger mmber; 4 or 3 ? 

The meaning of 352 may now be written using exponants, like this? 
(3xl02) ^ (griO^) ♦ (2x1). 

18. Write the nuBbera telow uaing extjonenta. 

U) 468 (b) 5324 (c) 7062 (d) 59,-20 
Probablj the reason that we use a numeral system with ten as base 
is that people have ten fingers, and whan primitive men began to eount 
their possesaiong they counted on thair fingers. This aecounts for the 
fact that the ten symbols, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are called 
"digits." We speak of these aymbola as digits when we wish to refer 
to them apart from the longer nuirarals in which they are used. Por 
example, the "digits" in 458 ar« 4, 5, and 8. The Celts, who lived In 
Europe more than 2,000 years ago, used twenty as base, and so did the 
Mayans in Central iTn-rlcsi. Cm yai^ think of « reason? What special 
word do we sometiaes use for twenty? ^f Martians had a different number 
of fingers they might use some other number as the base of their 
numerals. Let us see how systems with basas oth-r than ten work. 
19. Look up the French words for "eighty" and'fcinety." Do 

you toow an Qigllsh wort which indicates th&t some people 

used to count by twonties? (Think of Uncoln's Qettysburg 

Address.) 
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NmffiRAi^ m BASE mvm 

Suppose v# hATe a syst^ with soT^n as ase. What s^nnbols shall 
v« baTSf 

0, 1, 2, 3, 4. 5, 6. 
Tharo an seran digits or ^mbols sdedad for a ^stea of mmorals to 
tba taasa saran Just as t^^re ware tan naadad for basa tan. Let up 
grimp tha %'s below so as to write the nimber of z*s in base se7an» 




Wa draw a line areimd seTen %>Sp see t^t there is 1 p'oup of 

aaTan^ and 3 more* There are 13 . We write the "se^en" to show 

seven 

what base wa are using* ^^^Q^Ymn^ Mans 1 group of seven and 3 ones* 

We raad 13 as OM-thrte. not as thlr^aa. ^ to 66 , you may think 
seven seven' 

©f the nu bars In terms of weeks and days* When no base is written j we 
understand the nxAoaral is written in base ten* 

20* Draw x^s group them with llAes to show the meaning of 

Then write mmth of the above In decimal notation « 
21» imaimla In base seven Mn be bitten out like thlai 
^saven ^ x seven^) * U % aavan^) + (6 x one) m 
(2 X seven x seven) f (U x seven) + (6 x om) = ? 
How would you write this nwaaral in the usual daedAal 
notation? 

Write thff^s numerals with e^onents in the above wayi 

56^.Ttn ^i.v«n M m^^^^ (d) OaO^^^ 

Than ai^resa taoh iA declml notation* 
22* Below is the tegiiming of a aMrt of the numerals for the 
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BUMlMra from 0 to HO (base ten). Fraa here on, In ifidleatiftg 

base tw, write it In worts ("base ten") rather thaa mm & 
nUB-wal. ThiB is nacessa]^ since 10 aeans one of the base, 
which may be 7 or any nuaber. Finiih the chart, is you will 
Beed It later. 

0 10 20 30 50 60 70 K) 90 100 UO 

1 11 21 31 a 51 61 71 

2 12 22 32 42 52 62 

3 13 23 33 

4 U 24 

5 15 

6 16 

7 17 

8 18 

9 19 

23. Copy coj^lete the following chart of base Beven nraerali, show- 



ing the nimeralB from 0^^__^^ to 110^^^^^. 



0 


10 


1 


U 


2 


12 


3 


13 


4 


U 


5 


15 


6 


16 



20 
21 



30 



40 
42 



50 60 



55 



Note that 10„^__ Is 
seven 

read One-z*ro, not as 

ten and that H^y^^ 

is read one-one, pot 

as eleven. etc« 

Uflipg Baae Seven Hmerala 

24. When we learn to add mattbers expressed in base tan we leara 
100 "hasie" cembinationB, These combinations are arrange in 
tkw chart below. Finish the chart. 

Second addend 



First 
addend 



0 
1 
2 
3 
4 
5 
6 
7 
8 
9 



0 


1 


2 




4 


5 


6 


7 


8 


9 


0 


1 


2 




4 


5 


6 


7 


8 


9 




2 


3 


4 


5 


6 


7 


8 


9 


10 






4 




6 


7 


8 




10 


11 






6 


7 


8 


9 


10 


11 


12 










8 


9 


10 


u 


12 


13 












10 


n 


12 


13 


U 














12 


13 


U 


15 
















U 


15 


16 


















16 
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18 



10 
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25. Zmpt^'ts the part of the tabla you haTa f^TVed in with the 
part which Is there now. What do you notice »*bout th« two 
parts? 

26. FlJtlib the chart below, showing the sma in base B«Ten, 

Sacoad addend 
3 1 2 3 5 6 



0 
1 
2 

First 3 
addend 4 

5 
6 

27. When you add numbers expressed in base seven, how many basic 
coBbixiationa are there? 

28. Draw lines in the addition clmrt for base Beven like the llnea 
in the ehart for base tan. Art the two parts of the table 
alike? 

29. Add these nisbers in base ttni 25 

km you toow, you carry" when th© of a colum is ton or 

morm^ 25 * 2 tens ♦ 5 ones 
48 = 4 tens » 8 ones 

6 tens +13 otsp ^ 7 t^na + 3 oass 

Add I 24ge^en ^ 2 sevent ♦ 4 

Usaven = 3 eeirena » 5 ones 

5 servans + nine ones - 6 sevens * 2 ones - ^ 
30 • Is it possible to "mj^^" in addition in base seven just as 

jTO do in addition In base ten? - 
31* to base tetti you ■ean7" when the sum of a oolran is^^ or more« 
32. In base stTeni you "ewiT^" when the sum of a eoliuA is 7 or 

BOre. 
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33. Add theM numbtPi In b»a» i««ven» 

<*) JAu^m Cb) 65,,,,„ (0 32,e,e„ (d) 254se^,n (^) 4.^3evon 
i|a«TM i^mvm ^Mvmn ^am^en 

34. F« te. 33e, wlta out tha addition to ahow how your mmimr 
w*i ebtalB«d. a^MSi tht mmbers In Ex. J3 to teaa ten, and 
ehaek ywa- /mswera toy adding in the uaual way. 

35. Snbtracti ilga^en 7°^ rwainder ZSaaTen? 

15at,T«n 

^ TO aubtraet L3,^^ . think "4 ieT*ns ♦ 3 ones ^ 3 Mwna ♦ tan on.a 
ISggven ^ ^^^^^ + 5 ones - i m«>«n ♦ 5 onea 

Z BBfrnnm » 5 on®* 

36* Snhtraet thaae niHnberB In base aewmi 

(a) 563,^en ^l.avan 34„^eB W ||^MTan 

i^Iaian M^en ^BBWn 

37. For Ex. 36c, ahow ho« the 3U^^^^ i» c^f«d, in order t« 
nake it easier to Butotract. 

38, Caaplete the Bultiplleatlon ohart ^low f numbers in Base 
■eren. Are two parts of this table alike? 





0 


1 


2 


3 


4 


5 


6 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


6 


a 


0 


2 


4 


6 


11 


13 


15 


3 


0 




6 


12 


1^ 


21 


24 


4 


0 






























6 

















39. Multiply these tase seven nufflbera. 

(a) 52s,^en (b) 34„T,n 42lBe„n (d) ZWen 

3 6 A IZsoTen 

40, Rer« are som© Eimbera In base mrnvmn. How would you write 
them ia tese ten? 

(a) 43«^aa W ^Z^^ym 3043„en a^aeTen 
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0 

ba^d taot »d matipijr a= in. Cheek your aEsvtrB by ehanglng 
the wawers of Ete, 39 to ^ '^^ tm, 

^^lain the diTlaion of these tase seTen aumi^ri* (The base 
is not vrittys In body ot th^ vorV,) 454fl^yer 

(o) 6|435~ 

43. Divide SOlg^^^D ^ Z.^even* 
.>4* Divide 652gg^gj5 by 5^^n,mn. 

tnMB FOR DIVISIBILITY 

45* Jook at the countljag chart for mmbe^^^i \nfitten in base 10* 
How can you tell which suabers aie dlTisible ^ 2? How can 
you tall whic^: are divlaible toy 5? ^ 10? 

46. How look at the counting chart for syabers ii^itten in base 
seTen, and co^ the first ten nmbera vhich are esctly 
divisible by 2* Is there u easy way to tell whether a 
number is divisible by 2 tram its ei^renslons in base sefen? 

47. From the counting ctert in tese seTen^ copy the first five 
nuabars which are divisible by seven. How can you teU whether 
a muber writter in tase seven is em^ly divisible by seven? 

48. (a) to the counting chart for number s witten in base ten, 

look at the ones which are dlviBibla by nine. What de 
you notice about the sum of the digits of each nomeral? 
Can you guess the general nle? 
(b) nil^ of four nirabere, l^gar than 100 j which ^cm divisible 
by 9« Add tte digits In each numeral sepu^taly. Does 

ID ■ . 
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(e) TMak cf fow ntmbari, l&rgar thaB 100| wiiich are not 
dlvislfe\* ^ 9. Ss© wh«th©r th© mil© you found works 
for thoae nti^hars . 

(fi) Cas you trll haw to d*cld« whether a num^r i« dl^J slMe 
^ ^dlng the diiits la its baip t#a cimaral? 

(a) 1m the eountlcf chart for nmbera written .ti t^it aefen, 
look at thv ones whi'^h are eaetly divisitle alfr. 
Add the digits in eaeh nmeml. Do you notio© a gene»l 
rule? 

(b) Think of four numbers larger than fifty, which urn 
diTislble by six* Writ© them in nmtrals in base seTenp 
than add tlm digits Lu 3aeH niMral sapttately. Does your 
rule still work? 

(e) Do the s/ime for four num^ra larger than ilfty, which 
are ^ dlTisible by six* Does the rule work for these 

r 

nuabers? 

^d) CMi you tell how to decide whether a nuiiber Is dlTlsible 

by six by adding tha digits in Its base ssTen numeral? 
Why shotad the test for divisibility ^ nine with numerals to 
base ten be like the test for divisibility by six with nuzaerals 
to base seven? 

(a) to the coiaiting chart for baa^ ton, choose five two-plmoe 
Bombers which are ssictly divisible by Find thm mm 
of the digits for each sumbf*. . Cmm you discover the 
general rule? 

(b) Choose five -^bers between ten and one hundred which wre 
not •xactly divlsiU.e by 3 ttd find the mm of the base 

Ik 

20 
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(c) W^t seras tr a vay %q tel] ^hethe^ a liumber written 
Ln base tee is mmotlj divisible ^ 3? 

(d) Look a'c the eopntinf chart for base gevon mnd choose 
fi'wt^ two-plfte« rir»mb«r§ wblrh -^r^ div^sibl© ^ 3= Does 
the method you stated for nuabers written In base ten 
stem to work for tmso seven niaiai*als? 

(e) Can you suggest another base for which this test works? 
If so, illustrate* 

52 • Write a mmh^r in base ten which caji be exactly divided by 4* 
Write the ^me number In base seyen. ton It be exactly 
divided by 4? 

5>* Thlx^ of a nimber ^^atar tton 5 which can be axactly dlvldtd by 
5« Write the number In base seven nimerals and in base ten 
nurnerals. Divide by 5, writing tlm quotient in base sevtn and 
also in base ten. Are the numerals the same? Do they represent 
the same number 1 

CHANGING FROM BASE TEN TO BASE SEVEN 

Xou have learned now to change a number written In base seven 
niMerals to base ten numerals, ^t is also easy to change from base 
ten to base seven. Let us see how thiit Is done. 

In base seven^ the values of the places are 1| seven-, seven^, 
seven^, and so on. 

sevenl -7ten 
seven2 ^49^^^ 
seven3^343^^„ 

15 

21 
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Sijce 524 is larger tbaii 343i first lee how many seven^ there are. 

343|5a4 The divisiou ahowr^ tt«re will be a 

181 1 in the 3©%-fcin^ E>03lt ^'^n. 

How s©e how naiiy 49 -s there are in 181. 

--2 2 

49] 181 There will be a 3 \n the se?en 

U7 

34 position. 
Mow see how many Selena there are in 34* 

-J 1 

7j34 There will be a 4 in the seven 

28 ^ 

position afid 6 in anas' plaee. 

So 524ten = ^ ^^^^ + (3 3C 7^) ♦ (4 x 7^) + (6 x 1) 

524tan " "463^^^„ 

54* Change SO^en ^o base seven numerals. 
55, Change 145^^^ to base geven niim^r&ls, 

56* Divide 1958^gji ^ ^bat is the quotient? What is the 

rsnai^der? Divide the quotient ^ ten* What is the n©v 
quotient? Continue in the same way, dividing each quotient 
10, imtil you get a quotient of lero* How are the sue- 
cessive remainders related to the original number? Try the 
same proaess with 123, 456, 789^^ Try it with «y other 
Qtmber • 

57* Dividt 5?4^^^^ by seven. What is the quotient? What is the 
remainder? Divide the quotierit by seven, md oontJnue as in 
Lx, 56, exQept that yru divide seven •aoh time Instead of 
ten* Compare tha TCaiainders with 524ten vrltten in base seven 

58. Can you give mother method for changing from base ten to base 

22 

seven? 

16 
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Tqu haTt studied niaibers written In tesa ten ^ms© stxen. Nov 
let us %tj BomB other bases* 

59, H^iw many symbQls would there ^ in a sjst« of notation 

in base five? ^se three? base fot^? 
tijm Dimv sixteen x'a on a paper. Draw lises aroimd the groups 
jcfti would use for ^se five. Then write the nmeral shoving 
the nmbar of %»s in base five. Be sure to write "five" 
after and below the numeral to show the base. 

61. Now draw sixteen x's again , ^aw lines aro™d p-oups of x^s, 
and write the ntaieral in base four* 

62. Draw siicteen a^in and show how to write ch© niseral in 
base three. 

63. Make %'s to show the nuabera re^esented by 

(d) Do ym have the same mamber of x's In all three groups 
of x's? 

64.. (a) Kow mwy threes are there in 20^hree? 

(b) Bow s^y sixes are there in ZOgj^g? 

(c] Row MLny ninei are there in ZOj^^u^? 

65. \(t^t is the mallest whole ntimber whioh qmi be used as base 
for a syitem of smter notation? 

66. Here is part of a roll of tiekets. Use different bases to 
reeord the mmber of tickets. 



17 
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Niaibir of 

Ticksts Bai€ tea Bast aljc Base four Base three 



one 


1 




1 


two 


z 




2 




} 




3 


torn 


A 




4 


flw 






5 


six 






10 




eight 


nine 


tan 


^^'^elght 




elgbt^) 


(6 X eight^) (7 X one) 



Uheo we write tLe seaDiiig of a cumtral this wayi we say 

we art writJjig it in '^a^^anded nptatioD." 

Write the following ntmbers in aaqpaaded Tiotation. 

U) 63^ina ^^B^ lOOZthree 

68. How is eaeh of these numbers written in base ten? 
69* Write in expanded notation i 

(a) 234f^ve ^°3fiv ^five 

(d) if thepe r.merfils tand for amatiiita of mon^y, what 

does eaeh place represent? 

j^AodeeijBal Hugerala 
Thare are two bases of special interest* toe of these is base 
twelve^ whioh is the base of a systeir oalled the du«rfl«oiml systM. 
Wa poup many thlngB ^ 12' s^ and eall eaeh group one doMn. We sj^k 
of a doien eggs, a doEen rolls, a doitn penails. i^en we have twelve 
twelves we c&U that on© prose. Sehools often buy pencils by the p^osa. 

18 24 
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To wit© numbers in tmst twelve, you must twelve symbols. 

I0U eaB aaka'up s^bols for ten «id ele%Ten, or use ^t" aiid ^b^. The 



1 below 




cousted 


in 


base 


tea 


and 


in 


base 


twel-v« . 












X X 


X 

\ 

\ 


X 


X 


X 


X 


X 


X 


X 


X 


X X 


X 


X 


X 






1 2 


! 4 


5 


6 


f 


8 


9 


10 


11 


12 13 


u 


15 


16 


Base 


ten 


1 2 


3 


4 


5 


6 


7 


8 


9 


t 


e 


10 11 


12 


13 


U 


Base 


tvalve 



70* Write in o^&nd©d notation 

Th©n axpress these numbers in base ten* 
71^ jfaj^ people believfe that tw^ilve is a better base for a system 
than ten is* See if you can find out they thijik so. 



Bincixy Niflierals 

The other base which has special importMc© is base two, called 
the binary system. Just as we use base ten aM tb© Batylonlans uged 
base sixty, soma modem high speed computing machines us© has© two, 
or the binary system. 

Suppose we us*^ two as base, W^t synbola will there be? Only 0 
and 1# 

72, Draw three ac's, draw lines around proups of two, and write the 
ntsmber of 3C*s in base two, 

73, Make a counting ehart in base two, for the numbers from sere to 
saTenteen* Remember the plaaos will stand for powers of two. 

74* Itoke an addition chart for base two. How many addition faoti 
are there? 

75 • Make a wiltiplioatlon etert for base two* How many miltipliea^ 

tion faats are there? Would they be lard to learn? 
76. telov are s^e numtors aac^eised in base two. The first i» 

19 2d 
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wrlttM to show the meting of tha digit In each place* 
Writ* tht others In that way. 

iOU. ^ (1 I two^) ♦ (0 % tvo2) ♦ (1 x 4vo^) ♦ (1) 
two 

/ 

(b) lOOOtwo 

(c) lOMltva 

i 

(d) uooo^^ 

77, What OTabsr do©8 2^ reprasent'* 2^? 2^? Writ© the poweri 
of tVQ^ tip to two', lis hasa tea, 

78, What mmbtfrs art peprasatv^ ifi Ex. 76? Give your aaswar 
in base ten notation. 

79, 4dd these numbers which are axprassed ijs binary notation ^ 

(a) lOltwo (b) no^^^ in) ^^UOtwo (d) lOmtwo 
10^^^ lOltwo aUtwo llUlt wQ 

Cheek b^ ei^ressing the nrabere In base ten and adding Is 

%hm usual way. 

00 • Subts»et these bast two nmbers, 

(a) llltwo (b) llOtwa M lOHtwo W ".OOltwo 
Wltvo ^two lOOtwo lOUOt wo 

tl. Cheek by eiqsressing the numbers in base ten and aubtraoting 

in the uL way* 
K» When people operate some Idnds of Mgh speed eoaputing 

naehines they usual]^ egress numbers in base two. Change 

these Ymmm ten nrabers to base two. 

(a) 35 (b) 128 (o) 12 (d) 100 
83 • If you tave a peg board and some Mteh sticks i you oan 

represeit base two numbers on the board, Lmlv© a hole blank 

for 0 and put in a mateh stick for one. Represent two maibers 



20 

26 



on th© bcai'ds one below the other, and tr^^ adding on ''le 
board « 

Hot you have worked with several different number tasest 
Do s^e ha^e apeeial adv&Et^g^s? 
85. Wblvb you m^BT seen a weigMng scale which uses waigiita for 
^laneem? ^ d^-1+ tv^-'nfr in - ^ ^h^d or one- '^ide ^Jid 

CDOU^ weights to telanc^: it on the other sidfi. Tben jc . 
add up the wsights you Y'-^-^-'e used to f!nd the weight of the 
thing t 

r-ipDOse you want a set of weights which will make it 



pOSSl Die 1 Ur ^UU i^ii a. ^wasg^ ^ jjwtJjji^ | 

3 pounds, and so on up to 1^ pounds (no fractions^. What 
is the fewest nuunber of weight^ you will need, and what nmst 
their weights ^j? 



Here 


la 


a 




It Ql caroa ^uu oaLc ue^ lu 










1 








2 












I 




1 


9 




2 


10 




4 








8 


ii 


3 


11 




3 


11 




5 




13 




9 


13 


5 


13 




6 


14 




6 




U 




10 


U 




1 e 




n 

\^ 







7 








11 


35 



Tell a person to uhnose a n Mr between 1 and ^5| and to 
pick ouL tht^ u4Li*de cuiilainirig that nuiibcr and givs the^ to yoUi 
By adding the numt^rs at the top of the aarda he gived ^'^ou, 
you can tell ^isi the numMr he chose* 

See if you can figure out how the trick works. Then see ' 
if you make a set of eardi which you can use for ntmbers 
frca 1 to 31, 

87. H«© is a method of mult i plication , different trom the one 
you uie# 

21 

^7 



ay en 



25 X 


34 = 


*> 








25 


34 




Divide thB 


D^r:^' XT. "rt 


::rHX ij: b> 2^ 


12 


68 


cross 
out 


I jt^Qwing away 




ers, and multiply the 


6 


136 


cross 
out 


uaibers in ..;c 


= ^ . ■■. , 


.urui: b}^ ?^ Thfeu cross 


3 


272 








^cond rolma^ which are 


1 








nuffibers in 


the first ccluniii, and 



ac. tr .-u^^oers In th? -p-;-d columxi whicn are 
left. Oots this gi^" the ^o^-ect product for -5 x 34? Try to 
figure out why thi- aeth^<i works, (p-.rnembe-^ i^msR 2.j 
88, Do you haTe ar abacus in vcui c^assrucm: IT u^rrcv 
one from a -ri-ary one* Then xake on? to use for 

numbers axpressed In bas^ two. 



We use nmabers in counting* We call them nH^ural nimbcrs* In Jon's 
family there . five cnlldren, war b^^s tw^^lve or«ng*^^^ at the s^nr^, 
Th6r6 ar*y fiv© *;hons?ir:d four hjor/dr^d eiRht^y^f 3'^^ p^orl^ j.n tri^ st^diurr:^ 

usual 3y3te^ of nuae^H i on 5 ^.'^ ^^ liiLQiKrals 5- i2, ^^43 5 arfe the na.^QB 

of the numDurs ^anuiunaa*^ ^^^.n mv^nt^i riiiineralB wn-n. r^icogi..! at i 
nmibera in th^ world arf Ji^l him* 

We know that ttere is I he :::e nur-uer of people and ^es in the 
room* If there are ^..^ ci^ar:. -jn t::c li^agj tnen ^nere are >u states. 
There are 36 pupils in the *"oom and tne zeEt^tmr has written the name 
of each pupil ;::n a snirill card. The nur.bcr of cardc and the number 
of pupils 1- the jur;":^^ ■^■^5l:^:lr^£ t^,at. t^h^ tear'))^' ha-^ nn blank cards. 
The niimber words ^ which we use form a etanclard set which we memorlza 
in a ci-rtain order ^ and match with any set that we wish. 



*© may have learned abc^^ut number a in different ways* Some of ua 
may have learned niimber names and then how to count- We laaTOad that 
the last name wa used gave us i-ha number of the set counted. For 



•xaapl©, here we have a collection 
or set of m^-rks* We aak how MJiy are 




there. By coxinting, we l;vid .hat the L- 

eleven. So we my the number of marks is eleven. If those are ajfrangod 

ijQ some way to form a pattera we may j j ^ ^ j j j 

recogpiia a pattern of eleven without ^ ' ^ * - ' - 

cotrntlog Meh wrk. that %ms la this eaaler? Do y©u need to aount? 

23 2^^ 



n;;v wor« 'n-r ■ - 

things without couiitln^ u^lass 
fR:TjiI-is,r pEt^*^ 
Ot h^T d of u 9 
counting, Wtg wer - ^o^ti *^r=4v' 
boxaa . 



tn^^ we nan 



Parhaps we wgndared what t wm3 ihat was two bat somehow w^^ saw it, 
ThiDgs may have many DropartieB in comr in like sise, col^r, ahap^, 
use, t^'t*^- Th^ ^ ^ ^ dI lections or ts of things* 

They have the pruperty of co:.taining the mm^ nu-ber of members. Thifl 
^aaJnenesr is called nusbor* Any time two aats of things can be matchsd 
like this ^ — 



1 



the tWu He La iij^ V «s a " Sa^« u5 



rmber property. We us© the sa:r:3 numeral to deacrih thie number 

property • 

We toov that this is not r^=^^tnT-& 
of 3 hallB. We eall the miabar of this 
set "four." We learned rnjmber names for 



1^ @ ^ 



different aollactloLJ, We found that we cDuld arrange t.hese In 



order, ©aeh number baing just on^ e %U.n th* ^t.? tefcre it 



Htarting wi... 1 and 1 more ly 2. 2 anrl 1 -cr« . 3 and 1 more is 
4» It was then that soor laam^ to gron- by tHna^ :.iace valu'^, ai^d 
a system or n\merhMon 

What would it h&v# b*- ; xl^a i: we naa ^sarnaa a compxatei^ ui^- 
fertnt mj^s ''or eacn nu^c^-^i ^ 

We can, course, ^ouri the ,.ur::.^ - of u^Azs in two set^^ provided 

instance, two -ows and three norses make a set of five animals. Also 
three e's ana two b's are rk letters. 

Exerciaes - 1 

1, Whlsh of th? followtng are natural nmbers: 

(a) 1 tb) 7 (cj 45 (d) .6 (•) 20 (f) V3 

(g) 3/"^ (h) 100 (1) u/4 

2. ■'^'•i'range thaae nat .ral niiabers in their usual order, 
(a) 1, 2, 3, 6, 4, 5 

(h) 1 + 1. ? * 1. 1 * 1. 0 + 5. 1 + 6. 5 + 1, 5 * 3 

(c) n, V, II, VI, VII, VIII, I, It 

3s Which of the fnllrrwi-^/ nuirih^rA A.r»^ nHtur&T nijmberfi not h^twaen one 
and tan? 2, 5^ 7^ 0. Not tetween sijc and el^/en? k, 9, 11, 15# 
Not ^tween one ■ nd fifty? 1^ 15, 25^ 28, ^j. Not between one axtd 
tmni 13, 1^, 22, 78, 86, 

4* HsM are aeta of object • arrejaged so that thm mmXmT of ©bjtata In 
th« let may be reeogniaad without c^unting# Write ths naa© of th« 
nuabdr of objacts in e^eh set. 
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: ... : «z. 



Q ) 



^1 



/ r ^ 



r t > 




i C 

i 


i 

1 O 

i 


O i 
i 


D 








i 


O 











5* rlewrits the ^oiLg in^ 
read withoiit court ng 



(b) 
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6. 



Show a grouping of markg which could easily be read without coxinting 
for tine foliowing 

(a) 10 (b) 12 (c) 16 (d) 23 

Tell how many dots are in the figiares without countinF each dot. 

c) 



0 




b) 




6 O 



cbaira. You want to find out if more chairs ar© needed. Is it 
Qocossary to ceuot the peopla and the ehairs to find out? What 
can you do to gat quick.=y the need^ information? Do you then 
tagv how Bsjaj paoplt are in tha room? 
9, A theater owner wants to know how aany people attended the show 
larfc night. He toows the first ticket sold was nymber#d 605S8 
and t)^ last tlekat sold was 60735 • Does ha need to hire a aan 



\ coiint the people as t' cc ^ ir ' --tw v -. ^ 

traater for that ^ho%*' 

10. A .©achar has ^ad^d nomeworK pa ?rs and recordad tne grades in his 

gra:. ^hc.x. How car: hv qu: <1,^ :r to safe ^.f e^cn ludent handaa 
in his homawgr::? 

1 ^ ^^iX ro*-' roary -tot^ s'^^^' ^ .- ^^i- - r r.r '-m. ^ in r^^ns o^^r'tT* ^jq 



12. ..KB two 3^ts of diff-r^nt flg^r^s ar d group them to show that one 

set is > more tnan tn$ oLn^ere 
13* Wh«n 70U eount th^ nximber of people in the room, does it matter 

in what ordtr you com. t? What mist yo\^ be careful about in eoijutlng? 
14. 3om*^ti^:*^ nav t^n^ th^-ra are twice as many of one kind of thing 

as another* Ulve some exaxapies m wnicn you would muw Lnag uimvm 
re twic^ as many of one kind as annther without counting either 

sat . 

If you have i^o Doxes of paccils and in one of tham there ar ' 5 
pencils and in the uthRx^ uhera Lwu perjcilfi| how fDArjy panGils do 

you haTe? What do you do to answer this questiDn? If you say you "add" 
do you think, 5 * 2 or 2 * 5V 

The arith.T.eT..i teacher raad two large nisibers to be added, John 
did not understand what his taacher said when she read the first mm^Tm 
He wrote the aeoond number when she read it. Than ha asked her to 
repeat the first nxiaber. When she read It apiini Jolm wrote it on hie 
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same rim vhe other -tudents v^ii'- heard al- .n^ iictaticn .:_r = -. 

tise? W© sa/ the sum uf CCIjCJV and cm:i is ^ha sa^e as tne sum of 
cm:, and CCUIV* in the birmry system we fin^ tnat th^ suin cf 
1101011 and .00111 - s^^jne &3 ^ne su x.c:.^:. 1.^.- I** 

this right 

cover a iiistake riad- in adii-.io:; pr^'^ie.:;^ : . .la^. ^^aln - 
other aire''^iun,' u^. tia.- - - = ....... ^- . 

problam by ''adding up*^^ Evan before thai leamad that to put 3 
balls with 2 balls gave us the saay nummT -f ^lls as riutting ^ Daxis 
yitn 3 baxis# 

Ywu have just recognized the comigutativa property for addition 
of Datural number a . It means that the order in which we add tvo nmbara 

does not mak any difference in the sum of the two numbers* 

^ ^ . . , , , ^ , , . n = 

4 addfe^ to 3 ts 7 or 3 ^ 4 = 7 
Both are other m^es tor /• we can wrj^Le 

4 4= 3 = 3 + 4, 

The statement of thij law in words is qui^e ciumti> * It Id 
siJBpler and clearer to say this in mathematical languages 

''If a and b are natural nmberSi then a*b-b + a.^ 
Va have just discuased the ease in which a - 4 b ^ 3* 
Let us suppose- Don^B patrol goes on a trip. Twanty-nlne boys 
s,a*^v, T f^^mmn mr^f^ » n*^n^^<^g for f ood , How fflany cents can be 

spent for food? Hov do you f^nd the answer to this problea? 
This way? 29 or tbis way7 38 



'V/ 
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Bill's '^omt Of-: ims a par • 38 hoys and ^Irls c to thr ps^rtv. 

They shared the '•ost of t..e party lOu eech vas ske^ to pay 29 cents* 

Hon ffiuch dici the party cost? Do yoi fina tha arisvsr 

This way? 38 or t :1s ^ ? 29 

X 29 ^ M 

Suppose we hava 5 rrv? uhairH with 3 in sach row* Wa necided 
tw oharige the arrar s^ement tc ma-^ 3 rows . ' chair^ with > In each row. 
Do we need more .ro^ 

%XX X X X I X 

X ^ X X X X X t 

XXI X X X X : 

% X X 

(5 I 3) (3 x 5) 

The produet of two naturml numbera is the samS| whether the first 
be multiplied by the gecood or the saeond be miltiplled 1^ the flrit. 
Tti» statement is galled the coamitative property for multiplication 
of q^tiwl nmabers . It means that it makes no difference whieh limber 
is the multiplier and which is the multipliaMd* This stAtement aay 
seem cliaay to you. Can you state this pro^rty in symbols? 

We use this idea to detect ^stakes we ndgbt uke Is itultiplylog 
fmm sUEsber ^ another* We found these products. 

3927 ^5 

X % mi 

15M5 3395 
3U16 970 
15708 ^365 
1899595 -l^ii™ 

19W595 

As as aj^^leation of the c aamtativc property, we realise we haTt made 
a mistake* Fljad the mistake « 

The idea of using letters to stand for Wiy nusber wMtsoever in 
stating g^eral principles of arittaetie is a Yez^^ usefi^ part of 
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rmitip-aation sign may be mstaken for each oth.r, so we fri.quer:tly 
use a dot for ^tiplicatiOD. For em^ple v- cai: vrl ^ ''A • - 
"4 X * for "a x o*^ 

II the l-xarclsas tne symoo^ - - ^ - - 

and '^^ " might c -ar ? 



B 

1. (« : Ti 72 + 31 eq-aa.1 to 31 + 72? 
(b) U U * y eq'-iftl tu 7 =^ U? (b) Is 16 ♦ 52 equal to 25 * 61? 
(e) IB 35 ♦ 64 equal to (c) le 58 + 94 equal to 94 * 58? 

64 * 35? 

(d) Is 315 * 462 equal to (d) Is 465 * 332 equal to 

462 . 315? 564 ^ 233? 

(e) Is 315 * 462 equal to (e) Is 735 ♦ 254 equal to 

264 * 513? 537 ♦ 4527 

(f) Is 475 * 381 equal to (f) Is 851 * 367 equal to 

183 + 574? 158 ♦ 763? 

(g) Is (13 + :2)^^,^ equal (g) Ib 58 + 9^ equal to 9^+ 53 

to (32 + l"i)fQur' ttiese ai-e written in the 

base twelve? 

Insert a symbol which makes tte 
following true stotements, 

(h) I8 5 ♦ 3 < 3 - 5? (h) 7 * 4 4 * 7 

(i) ' Is 5 ♦ 2 < 3 ♦ 57 UJ y * b 7 ♦ y 



(j) la 5 + 3 < 2 ♦ 57 



(j) 12+5 5 * 11 



(k) 18 5 ♦ 4 < 3 ♦ 5? (is) 46 + 81 64 * 18 



(1; Is 5 ^ - 4 - 

(m) Is 5 + 3 < Jj ^ fe^ 

(n) I^; 6 ♦ 3 < - J? 

Add and use the; conunut^tive 

property ^.o 'rebeck a LI. ' lof^ 

iI2 IhUi 



61785 



(32)^ 



(a) Is 6 X 5 eq. a tc - ■ ■ 

(b) Is X 4 nqual to 4 ;r 

(cj Is \i 2) . ii + 2} eqiitii 

+ .. - / ^ * 5 ■( , ( ■^ * 7 '\ 



(d) 



;3 ^ 1) ' (2 + 3) equal 



to (4 * 1) • (2 + 2)7 
(e) Is 24 X 43 equal to 



4, Multiply and use the comrnuta- 



multiplication 



476 



04) 
* (7) 



36 305 

7604 
X 1006 



Which of the following are true' 
5. (a) 4 + 6 = 6 ♦ 4 
fb) 7-2=2-7 

(c) 1x9-9x3 

(d) a X 16 = 16 X a 



7 + :?f 



Add and - the cominutative 

k-J » W G t= A t =. i,.' 4 J tj A, ' J -i: -i^ 



^lOlCl)^ 



947,977 



(l24t)T2 

- - ^ 



'a; Is 9 % 7 eqiml to 7 x 9? 
ft: 43 X 56 equal to ^6 x 43? 
i,c; IB ^ • (4 ^ ?} equal 
to U 51 ' (6 * 1)? 

(d) Is (9 ^ 2) * (7 ^ Sj aqual 
to (9 6J - (5 + 6)? 

(e) Is (486) • (501) lass than 

4* Multiply and use the eosBsutatiye 



76 



47507 
X 20057 



(2a)c (1011), (A65),_ 
X (32)j X (110)^ X (372)^ 

Which of tbe following ere true? 

5. (a) (37 X t)i2 » X 37)3.2 

(b) (31 - 7) = (7 - 31) 

(c) IV - I = V 

(d) 49 X 63 = 6i4 X 48 



31 3? 



(ft) 8 * 2 ^ 2 * - ' ^3 * ' ' 

{f) 65 - 47 = 47 - 6^ in hi ir 5 S ♦ 

(g) 72 A la = 12 t 72 ,g; 72 t V ^ * 

Insert a to make the Inaert a aj-.ibol to .:^ke tr.e 



(a) 


25 + 17 


17 


25 


(b) 


26-4 


4 - 


■ 26 


(c) 


60 } 20 


20 




(d) 


32 T 12 


i-2 


X 32 


(e) 


7 T 84 


34 


? 7 



following true :c^^ow:ng 

6. fa) 25 * 17 17 ^ 25 ''^ ■ U) 47 + IM 1S2 ^ 4? 

(b) 71 - 5f 56 - 71 

(c) 625 f 25 25 i 625 
^d; 76 X 67 67 X 76 
(-^ 25 V 575 575 X 25 

Addition SJod gubtrEcLio/i ait gygrailQap whAch can perlwri^ed. 

numbars, The^ are oa^^ples of bi^^ry operationi, since thay are performed 

OD a pair of numbers*. What other bii^ai7 operationf are frequently used 
in arithmetic? 

The operatious of addition and multiplicatiQn each have the 

property that the eomiutative Drooerty hclds. Notice the similarity 
between the equatlonB 

B 4^ "h = 'r, s . 

" ■ ^ j 

and a*b^b*a* 
We say that these operations are comOTtative, To lind uh«th©r subtra*;- 
ties is eoBimutative we sust ask whether a - b - b - a is true for any 
Bimbers a and b# la It true for a ^ 5 and b = 5? Is division a com- 
autative operation? GiTe an esample iUuatratirig ytmi* answer. 

Ejcerclses - 2a 

?• Which of the iLTlowlng Involve comniutetive yperationsV 

(a) 1 * 2 (d) 4 - 5 

(b) 6*8 (^) 12 I 3 



3? 
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8 Which or ^he foliovinr aciu^^ ar^ ccnxvit-* : v^: 
(a) To ^at QTi a hat and then cca^ 
(b) To walk dovn the dio-^ ana ^robb uh^ 
c) To .our red paint into blu-j paint 

(e^ lo walk through a dDorvav and clcse 1'-^ iocr. 
9* ©paratioBS and activ^^ Us cac you list w-ich are co^s':^ ^l: ve? 

Which ar€ not comiutative? ^'Yo^j need no^ ^^^^ r^or^ ' han five for 
each* ) 

1^" . Suppose w<s define h new operation, syinteli^ed by V ^ like this: 

Compute 3 \ L and 4 V 3* Ib this operation eosmutative? 

Tbe Aasociatlve ft^operty 
Hov do you add 12 ? You think 2+3^5, and toing down the 1* 

What ha^s you aetually done? Why does it work? lou kuow that 

12 » 10 + 2. Your problra 12 , Is (10 +2) * 3* You actually found 

a 

ID * (2 + 3)* We loaow 12 + 3 ^ 10 + ( 2 ^ 3)* Let us try scmi^ other 
rmAbers. 

What do we a©an 1 ♦ 2 + 3? Do we mme^ (1 ♦ 2) 4- 3, - do we 
iBflffln 1 ♦ (2 ♦ 3)? Does it maka mr^ diffeieaee? We have said tk ©rdar 
wj add two nimbers doero*t make aJ^ difference* Nov we lee that the 
way w© ^oup nyuabers to add th^ doesn't Cf\#nge th© ium« 

1 * (2 + 3) ^ 1 ♦ 5 = 6 

f ^ ^ ^\ ^ ^ ^ ^ ^ ^ 

We call thia idea the aBsnciatlve tvcr 't^ of addition for rmtwal 
fnmber*. Dalag both the o^sutati ^ aii'i aLScsiatiTe prepertles of 
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just aoout an;." w^v wl 
a j not at p * c 

V'hen askei to ad^ 



* IB J Jch^ thought 
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^ill thought ^ ''12 ^ 13 ia 

; ^ 1^^; ^ li^. How ^Id Lj.1.1 
^ . ^ =^ (12 > 18) ^ U? 



'property of additic 
12 + f 14 + 13' - 1-- ^(18 * 14) W the comut.. .ive 

property oi addition 
12 ♦ > ^ "4) = 12 + 1") * 14 B7 the aas^iciati^e 

proparty of addition 
The eommutativa principle meaiis we mmj changs the ordar of anj two 
Sl^bsro *?ddir^ vi*>*^^'^ ^^^r^in^ mim. t.Vi«t, is« +b^b+a« 

The associative principle meaxAS that no matter how we may group numbers 
for iDurpOies cf adding r^moer?^ ^ne on: ib rn^ sam^^ tnat 
is, (a * b) ^ e = a + (b ^ c) , 

When you miltlpl^ 2 • (30) you actmlly comp^e (2*3) * 10. Vju 
kn V 30 - 3 ' 10* Is 2(3 * 10) = (2 * ) • 10? 

The assoc.iatlve principle holds for multiplication with natural 
auabers, Wlsat do w^- meaji by 2 % 5 x 4? Lat'i try some ways. 
(2 X 5) X 4 = to X 4 40 
2 X (5 X 4) = 2 X 20 - 40 
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wj w plMM vltbout ebanglJDg th« ^oduot. This la cabled th« ftsgacja* 
tlva OT^pegty of myltlplleatlQ a for natOTal nmbers, thfit Is, 
(a s b) z e = a X e)» 

Simw •dditira aad Aj^tiplicatloo art assoeiati«, there is no 
posslMlltf of aosfaslcQ vUes we write 1+2*3ot l*a»3 omittiiig 
the p&restheses* This Is m e»mple of mthenatia&l slang vhieh Is 
aUwed sl^ee it does not lead to oDi^sio&« 

HoweTer Is 2 ^ 3 • 4 It dMs iake a differesee how we group ti^e 
sobers slnee 

(2+3) • 4 ^ 5 • 4 ^ 20 
but 2 + (3 • 4) ^ a * 12 - 14 

Tharefore it Is wong to m±% tha parentheses here "a + 3 • A" is 
ne^sense miless we make some apreemeut about Its ■eaniag* 

Exercises - 3 
1. Show that the fo3,lowiDg are trae. 
Esunplei U + 3) + 2 - 4 ♦ (3 + 2) 
7 * 2 « 4 + 5 
9=9 

A B 

U) (4 * 7) ^ 2 = 4 ♦ (7 ♦ 2) U) (21 + 5) + 4' = a + (5 ♦ 4) 
(b) 8 + (6 ♦ 3) = (8 + 6) + 3 (b) (34 ♦ 17) ♦ 29 « 34 ♦ (17 + 29) 
(e) 46 ♦ (73 * 96) ^ (c) 436 ♦ (476 ♦ 1) - (436 + 476) ♦ 1 

(46 + 73) ♦ 98 

(d) (6 X 5) X 9 a 6 X (5 X 9) (d) (9 x 7) x 8 « 9 x (7 x 8) 

(e) ja^x 36) X 20 ^ (e) (57 x 80) x 75 = 57 x (80 x 75) 

24 X (36 X 20) 

2 a V* new kaew that addltlen and mltlplleatlen of satwal BOBberi 
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hftv* tlM ••^Utiw propartj. Ltt's look at subtraction. Is it 
«MOcl«tlv«1 If It ware for any •mtyral monberii a, and g, 
(a - b) - e « a - (b - c). Hare la an eaa^lo, try it. 
DOM (10 - 7) - 2 s 10 . (7 - 2)1 
DoM (11 -*5) - 3 ^ 18 - (5 - 3)? 

Doaa wibtraetiOT haTa the aBSQelatlva property? 
If diTlalo& wart aaaoclatlva, this would mean for any wtuiml- 
nusbars, a, b, wd e, (a ♦ b) ♦ c » a ♦ (b ♦ c). Teat tMa with 

thli •Mplei (32 ♦ a) * 2 = 32 t (8 ♦ 2). What conclUBion do 
you eeoa tot JtaVte up another axattpla to ahew a^ln that you are 
right. 

Rwrtta thaae problems using the aBSoelatiTe and eonniutativa proper- 
tiaa whan naeassary to aake the addition aaslar, Osa paranthaaea 
to show which additionB are done first. 



« 




A 








B 


(a) 


6 + 1*9 




(a) 


72 + 90 




10 


(b) 


5 ♦ 7 + 2 




(b) 


50 ♦ 36 




20 


(e) 


63 + 75 ♦ 


25 


(e) 


28 ♦ 75 




25 


(d) 


26 ♦ 72 + 


4 


(d) 


83+46 


+ 


17 


(i) 


340 ♦ 522 


+ 60 


(e) 


3 + 5 + 


7 


*+ 15 


(f) 


45 ♦ 15 ♦ 


63 


(f) 


56 + 23 


+ 


44 + 77 


(g) 


13 ♦ 36 ♦ 


4 


(i) 


18 ♦ 16 


+ 


24 + 2 



Kawrita these ueing the assoclatiTe and ciMutatiTa propartlas whan 
Baeaasary to aaka the aultiplieation easier. Use parentheses to 
sbsH which BUltlplicationB are done first, 

A B 

(a) 13 X 10 X 2 (a) 2 X 67 % 5 

(b) 5 X 45 X 2 (b) 25 X 4 3t 86 

(c) 7 « 25 X 4 (e) 38 X 50 3t 2 

(d) 50 3E a X 33 (a) 3 X U X 4 



6. Ip the f ollwlaf statMiMt tinit? To niatiply 2 ty the produat of 

5 aad 6 vt wi multiply 6 hy th« j^oduet of 2 bM 5. Es^^ln. 

7. li thi following stftt««ot tru©? Is order to doubl© the pr^uct 
of 6 ud 5, you AmiW.e 6, double 5 and take th^ preduet of the 
douhles* Um p&rtntheBeg to show vimt is talng done, aqplalJi the 
rweims for you uswer« 

S. Is the foUowlag statment true? In order to double the som of 

6 and 5, you double 6^ double 5 and take the sisi of the doubles. Use 
parenthtses to show what Is being done* Can you e^^laln the reasons 
for yow answer from what you haw studied so far? 

9, hbke the syobols 2+ 3 • U J 2 mewilngful by proi^lng the nimbers* 
In how cmny different TOys osy this done? 

The Distributive ftreperty 
glf'ls and foior ^ys — twelve children altogether -* are 
plaimlng a skating party. For a merrier party, each girl InTttes 
another girl and each ^ invite i anQther boy* The nm^r of girls 
tes been doubled. Th^ ntaber of boys has hem douUed. Has the stsaber 
of chlldran been miltipUed by two? by foiff? twelve? 

Utogether^ there win be (2 • 8) ^rls and (2 * 4) boys or a 
total of (2 • 8) + (2 • 4) children at the party. W^n the pu*ty was 
plvme^ there were (8 4) cUldren. ^be final number of cMldren' 
is the pr^uct of 2 and (8 * 4)» :^e that — 

(2 * 8) + (a • 4) - 16 ♦ 8 ^ at 
2* (8*4)^2«12^24 

So, we wite 

(2 * 8) (2 • 4) = 2 • (8 ^ 4) 



i:i-i6 

You ham btan UBirig this property slaee the third p-ade, Tate 12 

Wbat do you aetually think? Sou a&j to yourself, "3 • 2-6, 3x1-3, 

K / 

and the product is 36." lour method is eorrect becaua* 

3(10 + 2) = (3 • 10) + (3 • 2) 
^ the eOBEwtatlve principls it Is also true that 

(10+ 2)3= (10 • 3) + (2 • 3) 

S3 we sa« when we change the order of multiplication. 

This idea la familiar to us. We learned that 375 Is the saae 

X 7 

aa (7 • 5) ♦ (7 • 70) ♦ (7 . 300). But inatead of writing 375 as 
(300 + 70 + 5) let's write 375 as (US + 230). Is (7 • 375) the swae 
as 7 . (U5 + 230)? 

We can write 83 as (80 + 3) • 45 = (80 • 45^ + (3 • 45). This 

ffiaj b© aor^ familiar to some of us if we wrote 15 and 45 

In tha more uaual form we ^iavn 45 

135 
360 
3735 

W« reeogplM In th ^ product that 45 * 3 ^ 135 and 45 * 80 = 3600^ 

This idea that we have baen describing links together the opera* 

tiOM of iiiultipllcaticn and addition* W© refer to this Idea as the 

distrlhtttlTe prinaiple of suit ipl icat ion ovtgr addition * 
If we use Ic iters to represent &uaberS| w© can say 

a(b + c) ^ (a • b) + (a • c) or (b + e) • a ^ (b * a) + (o - a) ^ 

(a ' b) + (a • e*) 
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Exercises - 4 



A 










Fiod Bjj^ler names 










(a) (3 . 9) * 6 


(a) 


(4 • 


9) + 16 




(b) 3 • (9 + 6) 


(b) 


7(3 ^ 


^ 9) 




(e) 5 • (2 + 7) 


(c) 


(7 . 


3) + 9 




(d) (5 . 2) ♦ 7 


(d) 


(8 . 


6) + (3 • 


7) 


(e) (8 . 4) ♦ (2 . 3) 


(e) 


(6 * 


5) + (7 . 


9) 


(f) (2 ^ 3) + (6 . 8) 


(f) 


(8 * 


7) • (9 . 


5) 


(g) (3 + 9) . (2 . 3) 


(g) 


(46 . 


• 17) ♦ 17 




(h) (U - 7) * 3 


(h) 


(7 . 


3) + (7 . 


9) 


(i) (7 . 6) + (7 . 9) 


(i) 


16(7 


+ 6) 




it) 7 . (6 + 9) 


(J) 


(16 . 


. 7) + (16 




Show that the following are true 








Eammple i 3(4 * 


3) = (3 . 


4) + 


(3 . 3) 




3 . 


7 12 


* 9 







21 21 



(a) 4(7 + 5) s (4 . 7) ♦ (4 • 5)(fc) 9(7 ♦ 5) = (9 • 7) + (5 • 9) 

(b) (3 . 4) ♦ (3 • 8) = (b) (U . 3) + (11 . 4) = 

3 • (4 + 8) 11(3 ♦ 4) 



(c) 


(5 . 2) 


+ (5 . 


3) - 5(2 + 3)(c) 


12(5 + 6) = (12 . 5] 


I ♦ (6 . 12) 


(d) 


(6 . 3) 


+ (6 . 


2) a 6(3 ♦ 2)(d) 


(15 • 6) + (15 . 5) 


■ 15(6 ♦ §) 


(0 


7(9 + B] 


) - (7 


. 9) + (7 . a)(e) 


23(2 + 3) s (23 • 2] 


1 ♦ ft3 • 3) 


it) 


2(16 ♦ 1 


J) = (2 


. 16) ♦ (2.8)(f) 


(3 . 99) ♦ (5 • 99) 


^ 99(3 ♦ 5) 


(g) 


(J . 6) 


♦ (4 • 


6) = 6(3 + 4)(g) 


128(10 ♦ 20) a (128 


• ID) + 










(128 


. 20) 


(h) 


9(1 + a: 


) « (9 


. 1) ♦ (9 • 2)(h) 


(1000 • 10) + (1000 


• 20) = 



1000(10 ♦ 20) 

39 
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(1) (10 . 6) ♦ (3 • 10) = (i) (8 . 7) M8 . 7) = 8(7 ♦ 7) - 

10 (6 ♦ 3) "^^8 ♦ 8) 

(j) (6 . 8) + (6 . 7) « (j) 15(3 ♦ 3) » 3(15 ♦ 15) 

6(8 + 7) 

laawt B^bolB to make each a true sentence. 

(a) 3(4 ♦ 3) (3.4)* U) 3(6 * 4) - (3 • ) * (3 • ) 

(3 • 3) 

(b) 2(4 5) M2 . 4) ♦ (b) 7(2 * ) M7 . ) * ( • 3) 

(2 • 5) 

(e) (5 . 2) ♦ (5 3) - (c) ( . 2) ♦ ( • 5) = 8( ) 

5(2 ♦ 3) 

(d) 7(3 ♦4) (7 • 3) + (d) ( . 4) * ( • 4) « (6+7) 

(7 k) 

(e) (2 . 7) * (3 • ) = (•) IK ) M . 2) M • 3) 

7(2 + 3) 

(f) (3 . 5) * (3 • 4) = (f) 8(5 6) - ( ) ♦ ( ) 

3(5 ) 

Utlng the distpibutiife property rewrite each of the fellowlngs 

Exaaples; (a) 5(2 + 3) = (5 • 2) ♦ (5 • 3) 

(b) (6 • 4) + (6 • 3) = 6(4 + 3) 

(a) 4(2 ♦ 3) (») ^5 ' 26) ♦ (5 • 7) 

(b) 7(4 ♦ 6) M 8(U ♦ 17) 

(c) (9 * 8) + (9 • 2) (c) 7(213 ♦ 787) 

(d) 6(13 * 27) (d) (27 . 13) ♦ (27 • U) 

(e) (12 . 5) ♦ (12 • 7) (e) (18 • 19) ♦ (17 • 18) 



4(i 
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TX7 tbvMt UilBf the idea of the distrlbutlTe property ws ean write 
36 ♦ 42 «• (6 • 6) * (6 • 7) « 6 . (6 ♦ .7) 
18 ♦ 15 as (6 . 3) ♦ (5 • 3) = 3(6 ♦ 5) 
Cut yoa rewlte ttese In tbe sane way? 
Cbeek yow work to see that you are right. 

la^lei 18 + 15 a (6 . 3) ♦ (5 • 3) = 3(6 ■•■ 5) 
33 18 * 15 3 % n 

33 33 



A B 

(a) (6 ♦ U) M (8 ♦ 12) 

(b) (12 ♦ 9) (b) (U ♦ 21) 
(e) (10 + 15) (c) (36 + 18) 

(d) (24 * 18) (d) (40 + 16) 

(e) (28 + 32) (•) (12 ♦ 48) 
it) (21 ♦ U) it) (56 ♦ 42) 
(i) (25 ♦ 15) (g) (72 ♦ 27) 
(h) (3 ♦ 6) (h) (7 ♦ 63) 

QsiBg ths idea of the dlatrlbutiTe prlaelple, we &m write 45 a « 
(40 * 5) ud 23 as (20 ♦3). Then the ^vduot itwCL,4 be 
45 • 23 a (40 ♦ 5) - (20 + 3) ■ 40(iO * 3) ♦ 5(» * 3) - 

(1*0 • ao) + (iw • 3) + (5 • 20) + (5 = floo 4 120 + 100 + 15 • 10 

ChMk thie rosolt W ■nltipliutloD of 45 and 23a Eawlte the 
foUev^yeig products la the saae way, and ebeek tbo r»mlt»^ 
A B 

(a) 78 . 45 86 . 34 

(b) 13 • 76 53 • 19 

(e) 567 • 84 623-72 

Ul 
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7, WUeh of th« followlD" true? 
(ft) 3 ♦ 4 • 2 s (3 ♦ 4) • (3 ♦ 2) 

(b) 3 • (4 - 2) = (3 • 4) - (3 • 2) 
(e) (4 ♦ 6) . 2 - (4 • 2) + (6 • 2) 
(d) (4 ♦ 6) f 2 s (4 f 2) ♦ (6 I 2) 

8, Suppesa vm introduct the nevi aymboX "A" tor the definition 
« A b ■ b^. For emsplB, 2 A 3 - 3^ = 9 

3 A 2 = 2^ a 8. 

Whieb of the follewing arc true? 

(a) 2 AO • 4) ^ (2A3) • (2A4) 

(b) (3 * 4)A2 = (3 A 2) + (4 A 2) 

(c) 2A(12 * 3) « (2A12) » (2A3) 

Th« Closure Property 
Thwe is asuther proparty of natural nupbtrB asiociatad with tha 
IdM of addltiom and imltiplicatioa* If ¥• add any two natural nufflbers 
(they Bay be the same nimber), our answer is also a natural number, 

for esa^le^ 

4 4 7 s 11 and ocily 11 

All are natiu'al 

5 ♦ 3 10 and only 10 

nuiberss 

85 ♦ 91 - 176 ard only 176 

We mj that the set of Ti^tur^l ^□:^b«ri is alosed with respect to 
addltioii, or olosed imder s^ddition* t^^at is, if we add any two natural 
ambers, we elmll always g^t om or.d only one nat\aml number as their 



Tto wBrnm thing is true for multipllaation. The product o^ two 
natural mabers Is one and only one natwal number. For e»mple, 
2 X i ^ 16 awl ©nj^ 16. It isn't OTsr sots other number like 3S, 51, 

eta. ^2 

O 4H 
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Thm 0p«mtlMa of Additieti and milt Ipli oat Ion h&TQ the property 
that lAm altbar is appliad to a jmir of natuxml ninbersi i& a givan 
ordar^ tte raMlt ia a iml^ualy detarmiDad satural suBbar* 

Va aas My tba set of oatural nmters fm oaa to tan Is sot 
elosed undar addition. (2 + U) is a number less than 10 but is (6+ 5) 
leas than or #q,ual to 107 

Is tha s#t of natural numbers closed with respset to division? If 
we find tha quotiant of 8 and 2 or 8 # 2p wo get another natuMl niMBbar. 
But if wa try 9 i Zp then we do not get a natural nijiber for %n Mswer, 
We say that the set of natunl nwbers is not eloaed with raspeet to 
dlTislm? Toa^ wa oannot always subtnet one natwal nuaber frcn 
uothar and get a natural niMbar* 16 - 4 ^ 12* ^.1 of theae are 
natural nuusters* But what atout 4 * 15t Can our answer be a natural 
Binber? We say tlmt this problam is impassible to solTa if we mat 
Yuk'wm a natural ntmber as u auswer* 

Exercises * 5 

1. Is the sum of two odd nmbers always an odd maber? 

Is the set of odd nuabers olosed under addition? 
2* Is the set of aran nyabers elosad i;^ar addition? 

3, Is the set of an mltlples of f (§, 10, 15, 20, ataO closed with 
raapaet to Edition? 

4, What is true of the sets of nmbers Ijq fzerolses 1, 2, and 3 mdar 
lultiplieatlra? 

5, Are the foUowjjog sets of nraibars alosed with raapaot to addltiM? 

(a) Set of natuml nuabers ^m^Xmr tbu 50? 

(b) Set of natunl nmbers £t^ through 999? 

(a) Sat of natural naabers laas ttem 487 

(d) Sat of utunl nmbers andlng in 0? 

U3 4!) 
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6, Are nmtm ot siMi^ri Ija Ixtrciit 5 closed with resect to 
a^tipllMtloB? 

7m M^m mix sets of sati^&l amtors vMeh are elosed with raspsat to 
Additien alSQ elosed with respset to ffiUltirlieatiOB? Why? 

8« any of th© sets of nmbers in Exercist 5 clostd under subtrac- 

tion? 

9. Ars any of the sets of ntfflbers in laEeroiaa 5 cloaed under division? 

InTcrse ^eratiena 

Often wii do seething and then w© mdo it. We ©pan the doorj we 
•tet it. We turn on a lighti we twm it off. We put on our ooatei 
we take them off. We put two sets of things together into one eet| 
we sepumte one set of things into two sets* 

We eall mbtmction the inTerae operation to addition ^ The Inverse 
of adding 5 is suMracting 5. 

What does the groaer do when you somettdng for 31 cents, and 
pay fOT it with a dollar biU? Does he say, "100 - 31 ^ 69, here is 
69 oeats chuge."? Ho, he du^s not eTsn mention the number 69 • He 
oousta out money into yow hand, ^32, 33, 34, 35, 40, 50, one dollar." 
le finds out Low iiiuch to add to 31 in ord^r to have IM. He answers 
the question! 

= 100 

Cmn you subtraot 23 trcm 58 by adding? 

23 * ? = 58 

Tou might tUnk, "3*5-8, 2*3-5, and the missing nmber is 35." 

Ion te^e us^ addition to cheok subtraetiont ^ you use ulti- 
pliwtion to oheck diTialon? 

We ^tVi division the inverse operation to ttnltiplleatlon* The 
Inwse of multip^^liig ^ 5 is dividing ^5. The operatiec of 

kk 

^0 
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lOltlp^iAf 2 by 4 8i 4 3c 2 - §• Now what ean Mm do to 8 with 

4 t© fiT« ui 2? Wt divldt. To deieribe ths oj^ation we o*n writ© 
S/4 ^ 2 twwnss 4^2^ 8. 

Vo tmwm Qftad thli id«a, too^ as a ehaek for diviaion. How many 
fi3»g In 851? Sti^ thase oparatiOTS. 

23)851 s ^ 

120 161 

161 m 

m 851 
Wban wa aBk tha qmaation, •What is 851 dividad by 23?" vra ara aa<«5kiBf 
tha aaawar to tha quaatioop "By what irmber met 23 ^ aultipllad to 
ohtaJ^ 851?' In tha division luid the chaek aboTa« we aaa that 37 ia tha 
anawar to both q\testiona« 

If a afid b starid for two natia^l HTOb^ri, aiad a Is SBaall^r than b 
thara la a natm^al numbar^ suah that 

a+ X ^ b. 

Tha suaberp ia the nimbar wa find ^ aubt»otlng a ft^OT b, Wa can 
ai^lain tha maaning of rohtraatiea in taraa of tha aquation a ♦ x ^ b. 

In a alailap way, if a and b atand for natwal mabarap thra thara 
Mj or aay not ba a natural raibari %p auoh that 

a • X ^ b 

thara If auoh a natiiMl OTibarp than % la tha subar wa find 
by dlTidinf b by a* Wa aan agqplain tha maulng of dlTlalm iM tana 
of tha aqnation a • s ^ b. If b ^ 15 «^ a ^ 3, thm in dividing 15 
by 3 wa ara aaeklng a nunbart auch that^ 

3x ^ 15 



1*5 

Si 



Exorelseii 6 

Add the felldidsg nwbers and ahtsk ty thm inT«rse operatioQi 



U) 58 

(m) 86 ♦ 27 



(b) 



37 



(a) 344 



(b) 427 



(c) Eight bittidrtd eevanty-slx 
pluB foia' huodred ninety* 
fiTS la what? 

(d) 0« hundred six plui (d) Vniat Is tha mum of 32,098 «id 
eight hmidred ninety* 05,605? 

arfm la what? 

(a) Find the mm of 798 and 508. ft) Adding 20,009 to 89,991 iiTaa 

vtmt nwbar? 
Subtimet the following and ehaak by addition t 

(a) 86 - ^ (b) 67 ^ 28 (a) 916 * »5 (b) mO * 1010 

(e) 167 * 78 ^ (o) minus 6969 

(d) If one bookcase will hold (d) A theatre sold 4789 tlokets one 
128 books and another 109 
hooka, how many more books 
does the former hold? 



(e) If one hullding has 900 
irlndows and another 811 
vjj)dgw8, hoy muij more 
Windows does the first 
building eo!iit«ain? 



mcmth and 6781 tickets the neitt 
month. How many more people 
rama to the theatre the second 
mmth t^ ^^e the flrrt month? 
(e) The i^pujjitlon of a tow ws 

19,891 people. FlTe years later 
the population was 39, UO people 
What ma the Inarease of popula* 
tlon for the flTe Vears? 



Iftiltlply the following numbers and eheek by the Inverse operation; 
(a) - • 2a (b) 734 • 9 (a) 213 • 23 (b) 518 • 76 



o2 



k6 
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(e) ao . Sa (d) 239 • 37 



(c) 509 • W 

(d) !• 87 liaei itaelfT 
(•) If QM troek will Mrs>y 2099 

bennB, bow aa^ tema ^11 79 
traeks ewx^? 

Do thm kidieftted divisions and ehaek ^ naltlplieatluni 



(a) Ulwt is tbo produet of 
bn and 49? 



(ft) M 

3 



M (c) 1^ (a) 



(b) Divide 20972 by 107 



12 



13 



(d) J|7 

21 



(e) Take 214 into lOam. 
(d) How auiy neks are seeded to 
store 208 ehaira, if each nkek 
holds 16 ehairi? 

(e) At a party there were 312 (e) A ^1 scout troop tme 49 aon- 
pieses of eandy. If there 
were 24 ohildren at the 
party, how aany pieees Of 
candy could each chil0 hafe? 



Find a 8lE^li>r mmB tor' 

(a) 39 - (2 ♦ 5) 

(b) (9 - 3) ♦ 15 

(c) U9 - (20 - 6) 

(d) (20 + 11) - (6 - 2) 
,(•) (5 . 16) ♦ 8 



(f) (35 • 42) - 8 

(g) 9 ♦ 201 ♦ (128 



(b) a|a.96 



239) 



teFB. laeb iMber is to sell 
bMes of oookies. If the troop 
had sn bmns to aeU, how auy 
hmcea will each ^rl baTe to 
sell in order to aell thm. aU? 

(ft) 299 - (97 + 105 ♦ 25) 

(b) 973 ♦ 728 - (728 - 27) 

(e) (16 36^) -119 

<d) (18 % ijb) - (17 X 47) 

(a) J^Sa.SOl 

it) /Ml) , i^) 

^ 25' ^25- 
(g) (19 • 17) ♦ (5^) - (35 ♦ 37) 

(b) ImL ♦ 21) 

5(2 ♦ 3) 

k7 S3 



(j) ^171^^. 

135 

6, PmrfMn tte follevlBg siMnitiraa 
(a) Add 16 «ad 17. Trm tha 
«■ ntotnot 32. * 



(1) 

ii) 

(a) 



35 X (12 ♦ 7) 



Find the differsnc* betw^eii 
47 38* Divide tMs dif- 
feroMe ty 3 asd then add 17 • 
Divide 272 by 16, multiply the 
quotient ^ 12 and TObtract 
100 trom the produet. 
Mialtlplj 12 tiaeL; 13 aou add 
39. Di^d*v the eum the 
product af 2 and 7* 
Add 26 and 12 and divide the 
sm 17. To this add 117 
ud divide thifl aw U. 
Find the dlfferenet tetweec 
87 and 49. Multiply this diX- 
ferene* by 10 and subtnot 
Divide this difference by 68 
and then add 6. 

BetweenneBB 

EarUer we talked abeut ©rdering natural nua^ra. Wa now locate 
tba MqQimM of natiml nmbera as dots. 

1 ? f f ? f T f ? (How far em. ve go?) 

lev v« mn to ABk mbs questlens aboot onuilMrs between Dunbers. 

lev Mj*y snbari am tetvem 1 and 7? Vb»t did you do to f ind your 



(b) Sutotrmet 24 ftem 89, To (b) 
thli dlf ferwee add 19. 

(e) Itlltiplar 27 by 34. DiTlde (c) 
th« predoet ^ 9 and then 
add 100. t 

id) Wud tha siai of 9, 9 and 9.(d) 
I^OB It subtract 4* 6 tIaeB. 

0 

(•) Take 308, divide it ^ 28. (•) 
Moltipl^ the quotiant ^ 5. 
Subtraet 9 from tha product. 



ltd 



04 
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left end, takinE atsDc on^ efte. aii0^.her iii succefaion, l^bel each 
dot ^ .th a for a nmbar . Starting, uight look like :.hisi 

os« tvo three four ii^e 

C^tim© labeling, . 3 the edge of the page. Writing xhe 

word sames aakes :he pletu eiiHtberBOme * If wf? agmln usa th© 
usual niamaratioD. w wiU hav** 

'} 2 3 

This is ealled a lumb^r . j^la. Finish lp.beling the dots of t ^ 
Dumber scale* 

(a) Write a niuabar aeala, usiEii the binary mmeratian^ 

(b) Write L r.^ber scale using the leyen system, 

Ib the r^aining questions use th© deelaal niMeratioDi 
(a) Wsat DUBeral xm the label for th© dot nearest the right hand 
margin of the page? 

J mlMla^ \f ^ uii^*'^^ J- <-» ^^ii^^ ±1^* « ^ « »^ ^ — ^^^^^^ , 

the dot UbeUd '7'? 
(©) WfiAT. Qtflieral la iiim 4=ab^x Tux^ dot Just to thfi Xs^^ Si ths 
dot labelad '7*? 

if) BmZMmen the dots labelad ^6^ and ^8* tbera ia raly orm dot, the 
dot la^lrd How fflaiiy dots are betveec the dots ^a^led 

»11» and »13'7 

(g) How usy dots are between t a dots labels '2* and '4'? 

(h) How Mfly dots are between the dots Jibeled '5* asd '8'? 
We Ymwm aore moaermls whieh we Y^v^ no% used as labels # What 
n^fn^ral should 1^ ine label for the first dot beyond the 
iMfgln of the paper? 




(1) What aua«ra. sho-jld be ^ -el ^"0^ ^ s*c:v-d acl bey-rin 

cne rieTlit hand margin? 
{j> If t.he label '19' is given .o z.^ rl n dot ^^yond t.:^ rlgnt 
hand mrgln, ^*tore doep t^v lar^^ 47' a;:^€&-'V 
2* (a) How aamy dot? isetve^i. ^ ^ - dot^^ Ic^bclsd '1^ ar^' 'IP^n 
(bl Hcv SM^ dots between tLi dots labeled ^IP* an^ '1'? 
(e) Hov MBj dots betV€«E. the dots ^Ab^led *51' and «58'? 
'^d) How mmx^ dots totveen the dot© Iftter.sd ^27' anf3 '3'? 
(©J HOV a&ny sots ftj^w^'^ii wne uw^^ j^aiJE^oU ci**'-* * 

(f: low m&ny dots batwean tUe dot a Ubaled «3&.^71' nd '52964'? 
3, At a drill «jJ. studrati line in a single file aa: comt off 
1*5 two. thrmm fashion* Ai her turn, Ma^ says, ■alaTen*" 

At Ms turn, Tom aays, Rseventy-thre© How many itudrota ar© 
between Mary and Tos? 
4# Is a list of town voters, arranged alphabetleally, tes# ^aob ia 
Urted as SOTber 197 and her sister, tos. Warren, is nmiber 158^. 
How nwes are on tn© register ^tween the mmmB of the aistera? 

5. If a mmtm^ scaa^e is Ubel^ frM left to right, the dot labeled 

win lie on the left of the dot Inhaled 'lOU Slica the amber 
8 is m:3J.er than the number 10, we uie the numeral '8' as a L:^".-! 
before we use the numeral 'lOU We haT© seen tlat symbols can be 
uaad t© say that the nmber 8 la less thar the numbei- 10. We have 
writtra < 10^* The number soale shows us this sontenae when It 
sh^e that the dot labels '8« lies on the *sft of the dot labeled 
^lOU 

(a) The dot Imbelea '1 a©s on the left of the dot Ubeled »17U 
Doee that ma^ that Id < L t i 

(b) How do the dots labeled '482' and '516' lie? 



(d) What l3 tne label or ih-; dc „:icJway between V31^ 
6, In ^ stadium, the benches on level are labeled w: ,h 

Bumerali in a number Sw^le. Don is 3i^*ing in ^ STat labeled 
ac^ Ed 13 aiviijng lii ^.^fe se&l lii^aj-ed 'J7'. i^avtral v^-y 
fat people want to sit between Don and Ed. Each one of tht fat 
people needs tvc seats, Hcv r'n;' fat people ean ^ue^^se in 
between ^'on and K/i? 
7* There ara uBlfora notches on & ehalf . Each one holds a regular 
size bo3c* As nconoi^y eli^ needs three spaces* Notch labeled 
*52* and notch 3mb€lcd * are filled, but the shelf between it 

* empty. Ruw many re^lar csi^e 'Dcxes may be put in? How mny 

3* Parking spaces in a factory parking lot are labeled like a number 
scale* Two cars dr© parked in the spaces labeled '57' and ^80* # 
The spaees between are empty. Can a fleet of 12 trucks be parked 
between the two oar^^ if one truck oc0upiea two spaces? 
9* If a and b are numbers, and a < b, can it be true that b < a? Is 
it possible that a = b? If a, b, and c are numberS| ajad a < b and 
b < e, then what is the relation oetween a and e? State your answer 
in the form I 

If a < b and b < c, th n ? 

10. Which is larger, 3 or 77 If you add 2 to each number how do the 
results compare? la there a general law? If a < b, tfcer what is 
the relation bhtwsen r + c nd b ♦ c? State y ^iswer in the fomi 

i; a < b, then ? 

11. If a, bj and c are numbers, and b is betv^een a and e can c be 

and a la between b and d^ where d is a number, what is the relatlOT 
aa^g bp e, and d? . j / 
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The N-uab-r Ope 

The mnaber 1 is the smallest of the rmt^ir%^ nu^Lc--^", f^£ ..avermx 

special properties which snould be noticed. First, a^^ trie liatura 
numbers may be oil It from 1 b:^ tLdaitioc; as ve haye seen; 1 + 1 = j 
X*2-3, 1*3^4, etc* Second the product of any natural number 
and 1 ia that natural ^vmbnri 1»1=1, l*?^'^, l'3^3f etu. 
It is therefore soaetimee called Lhe identity element for nrL^itipllca- 
ties^ sjjnQm no musber is changed when you multiply it by 1, klso if 

As a mtter of fact^ if y^u asmiine that 1 * 1-1. you can us© the 
distributiTe property to sho^ that 1 tiaes aj^y na tural number is itself * 
For examnle. suppose you wished to show that 1 * 5^5* Then you couJ^ 
wpitei 

1 * 5 ^ 1 • (i + 1 + 1 + 1 ^- 1) - (1 * 1) + U ' + (1 • ^) + u * 1) 

(l#l) = 1+1+1+1 + 1- 5 

Ariother proparty that the nuinber 1 ^s is that 1^ = 1, 1"^^ ^ 1, 
ia fact^ My powfer of 1 la 1* Why does this follov from what we had 
stated abore? 

A he numbai lerQ is even more special th^ the mmtmr 1* It eaii be 
uaed to count in the sense that if you have no apples^ you c^ axpreas 
that fact 1^ saying that you have sero apples* It is very useful in our 
notation for numbers since it aerves often as a place holders H is 
quite different tr^ 101 and *0035 ia not * 

What happens when we mult iply ^ diviae, add and aubtr&ct with lero? 
First 3*0^0 since thla can bt interpreted to be t^ae seroes and if 
thre© people have no apples each, they tave amongst them no apples, 

52 
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And 0 * 3 a gok:^ .able ^anlAg, nov aany ..pp^u^e are vi^re in o ?^::s of 

other result since wan-. :: jltipllm^lon d€ co^i^utatlvep Thus zero tl^s 
My satural maber is lero* Also it is natioral to defifi© 0 • 0 - 0, 

might say that If we taka the set of uriicL.ns and the set of 
oatural stabers batwetn 1 and 2, ^ /J vTita none of them, we obtain a 
set of DO elements* 

It is al?o true that 1^ product of two whole noiQbers is nerOj 

aaturiLl niabers is a natural nu2\b^.r; that is^ if neither of them were 
zeTQ ^ their rroduct cc;.].d not L>e sera* 

If we add zero to any natural nijsber we jet the nmber agaiSi If 
Jim haTS no apples and I im'^e three, we haTe three apples ^twaen us. 
The order in which we aac znmm does not matxer* We could eacpress him 
^1 

for any natural numb^.r It is true aver if a is lero* Hence a eould 
ba iJay whol© nmaber. similarly a • U - a* 

Can we divide zero b/ any number? What about 0/3? This la the number 
which when multiplied by 3 gives Zu. n, So 0/3 is zmrQ^ which Is a number* 

Can we divide by Mro? We know ttot 6/2 is 3 because 3 • 2 * 6. So if 
3/0 is a nymber it should be one which ''^en multiplied by lero gives 
3* All the numbers we have had su fmr zsro when multiplied by zero* 

It would ^ very strange to have a n\^^r such th^it when we multiply it by 
sero we obtain 3* Another difficulty would :e that if 3/O were a number it 
would be equal to l/O since we co^ divide nifflierator and denoralnator by 3. 
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you would fBt 3 and tb* ot^r by i^^ro jc-:.^:^ ^-^v'. ^ ^ "= 

We haw sta-ted tha properties of saro bare in t^rms of aatur-Al r <r.- 
bep5. But they an told for other uvmberB ai well* 

Exercisas - 8 

1* If tbi product of two whole mr^ymrm Is %mro, one of them Is Earo. Is it 
true ttat If tto product of two whole numbers is 1, or^ of tl m is 11 
la it trm that if the product of two whole numl^rs is £j one of them is 
gt W13J. the mnrnmr "yes" for ai^ mtural nianber in place or '^'t 

a. What ii the ii^leic name for the ntmb^r - 3? ^ ^ 

3« If a ♦ c - a^ what must c oel 
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Do you know v.:'.at v/crr- "r^::":or'' -.' u:":? . 

familiar even if tne >;ord is not. v,-. tnav: x ^ 



ur 



may writ - nhis as 



.0.'' na^j. th^. ^ ^.nn ^ ^^n^zovt^ 



of 10; 6 and ^ are factors of that is ^ , 7 ^ instead of 

calling one the multl^ alcana ^..d on^^ tr :• multiplier^ uf. can glvft- 
them both the same na^:e ^- factor , a-so, ^-^ = ^ x 3 r ; and .-e 
call 3^ and V facuorL of R^ally^ da?-E it msK^. an^/ dlf- 



a w i '/ r Q ^ ■ . / ^ ' ^ ^ - > - ^ - 



cf natural rumr^:rn we ^. qv^ 



that If the order is chang^.:d: the product is still tr>^. same. 
WhRther it he ^ X ^ or X the Droduct is still 10* 

What are the factors of 96? Suppose v^e thinjc one of ^he 
factors Is 8* Then 96 diviaed by 8 Is 12. We know that two 
factors of 96 are 3 and 12, for 8 x 12 ^ 96. Are tners oth^, r 
factors of 96? 



V p r» i R — 1 



B 



factor the f 0 1 1 c Vi i n 2 ' 
(a) 8 (b) 26 (c) ho 

(d) 5t (e) Ob (f) ,'2 

(e) 7 

Using the principle t/iat 
n , 1 = n if n is any 
number, find simpler naiacs 
for these numbers* 
(a) 3(5 - ^) 



Fa-: tor th? folloi''lngr 
(a) .X6 (b) 28 (c) Ikh 
(dj 2b0 (oj 100 Uj 91 
(g) 13 

Using the rjrl.MfJlple that n . 1 
» n if n Is any number, find 

yimpler' r.mWB for these numbers. 
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(a) 8 . - 



(b) 


(29 - 


17 










- . (56 - 55) 








' d \ 






■ 






(e) 


7 . - 










( 


18 


1 J% 






) 


For 


these 


use th^ ^.atura^ 


numDors 


^rom 1 to 30* 




(a) 


Give 


the set of numb^ 


rs tnat 


have the facto. 


1. 


(b) 


Give 


the set of numbc 


rs tnat 


have the factor 






Give 


the s't of rr:mt^; 


rs that 


60 not nav^ trie 


factor 




r: i -- ^ ~ 
^ =b ^ 




... - ^ ^ 


^ ^ . . U r n .-^ *- Q >^ , ^ 


in mor^ 




than 






irrdj-r In tnls sc 


t as many 




ways 


as :/ou ca^. 








(^•. 


Give 


the s^t of numb^; 


rs tnat 


can be 1' ac to -rd 


on ly one 



way. factor eacn number Ir. this set. What can you say 
about tnt: faCwOrs of a naturai i.umuvr .lav. can onlj be 
factored orn.;' way? 
We have talked about tr.f ngn having sonu nhing in common. 
Let^a write products of fa/tors of- ■Mimh-rr; be'WL 1 and 20. The 
even numbera between 1 and dO are in 5ec i. inu oau numbers ut- 
twee.. 1 and 20 are In S- t II. 



1 X a ^ 

1 >; X 2 « - 

1 X 3 2 SI o 

1 X 'i X /- 6 

1 X 5 X .1 " lO 

1 X X (i! 



11 

1x3=3 

i X 5 = 73 

1x7 = 7 
3.3 = 9 
X 11= u 
1 K 13=1 3 
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J. X f' - ' . , 



56 



J "V — 

1 X 8 X 2 - 16 

1 X 9 X ^ a ^3 

and no-^ of these odd 
that all even r^imoer:. 
an^/ odd number has tne 





A 




h 
















36,763 (lOllq 


56 






529,700 (2IOJ3 








10, ±:o 500% 


T^:xl 




ar^\ Ow^a or e 


V e n , 


(a) 


^ X 5 


(a) 


X . X 6 


( D 1 


3 ■(■ 


I I j 


j;: -t- ■(- i 


(c) 


ox 5 X J 


(c) 


^1 X 7 X 13 


(d) 


2 + 16 


(d) 


12 ' + 36 


(e) 


+ 8 


(c) 


266 + 62'7 


(l) 




{ i ) 


3x3x7 


(g) 


257 + 361 


(s) 


25(7 + 9) 


(h) 


620 + 92b 


UJ 


(13 + 26)26 


(1) 


26 X 58 X 75 


(1) 


(13 X 12) + 76 


(J) 


33 X i'O X 77 


f J) 


27 + (5 X 23) 


(k) 


5271 X 397 X 70 D 


(k) 


110 - 66 


(1) 


1729 + 5285 


(1) 


115 - 77 



3. Perform the rollowlng op^vrat ions : 

MaJce a coulttlng chart for numb^-rs Make a counting chart for 



f -r^ V ra :*:or 
factor ^? 



yo'j suppose ^naw 



57 



for even aumbers* Hov^ can vc^ 

in baoe two rumeral:: * A-^ 

There are some numD' ri wni :;n 
selves ard 1. For Insi^anc^;, 

^ X ■ 



^. : ^ ~ ' ' ^^^^ 

, \n';rs e asily recognized? 
Do you havt; anj' huncn^^s about 
ovcr'i nurnbers v^ri^ten in 
S7Su-mF! vilzn larger bases? 

• tors on J.;/ t- em^ 



7 - 7 K 1 
11 ^ 11 X 1 

IT - IT X \ 
19 = i=9 X 1 

An:/ natural number whlrh has only two 'different factore — 
ItsPlf ajnd 1 — Is called a prlmft nuiUuer. Although 1 has as 
factord only Itself and 1, it Is not a prime number. The numbers 

IT i ' -^rnH IQ fl'^^^ all nrinie 

listed aoQVH j., * - * ^> - 

numbers. Numbers like , 6, 9. 1'^, 15, and l8, are not prime 
numbers. They are called cuniuualW iiu>ubcrs, for they have more 
than two different factors. For example, the factors of h are 1, 
2, and h, what are some other nrlmp numh.^rs? What are some other 
composite numbers? 
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Exercises - 'j^ 

1. List the numerals for ali tn^ prime r:u:r:b€:rs c&. nhi:=x 
of b e t w e e I ^ i an d 1 OC , 

2, Do you think yo- list*^-^ ^r/^^rv o: - ' Yuj ^a.y /lav- mlss^^^ a 
few^ or perhaps 70'^ nave included the riumerals of sorn^' 
numbers whose factor^^ vou did not recognize* In about 200 
B. ther': lived a man called -iratos thenes . Thi;; r 3.n 
invented a way to f:!-nd prime : umbers smaller than some number 
you have in mi^id . In tnls case r^e prime numbers are to be 
less ^nan j^-JU. I'O us^ r.rauQS^r- rrie'^nuc, pi^ucet-u 

TOx J-QWS - 

(a) Write in oraer th' numerals for tne odd natural numbers 

(b) starting witn -'3'* cro^^s out every third numeral* Do 
not cross out 3'^ but start counting with f . Thus* 5^ 
7, ^» etc, 

(c) Novn starting with "5'' .^ross out every fifth numeral* 
Include the nujnerals already crossed out when j^ou count. 
Some numerals will be crossed out more than once. Do 
not cross out the " 5'S ^^^^ start counting with 7. 

(d) Again, starting with "7'S criss out every^ sevent^h 
ni-neral* Do not crosr^ out the "7" but start counting 
with g, 

(e) The next numeral Is '^9". Tt already crossed out* 
Skip it and go on to "11", 

(f) Continue in this way until you have crossed out all 
possible numerals. The nurr.rals left, with the numeral 
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''2", vii:. be tM nair.ts of zhi; pri.nf.: numb':- rs i-rss %nan 
100. 

Because numerals ''drop out'^ m'^"oa is ^ii^wii as wn-, 

slevf;- of Eratosthenes." 

Compare this list with ;;our Hat in questicn 
one. Were you 100^ correct? Kejp this l ist ^ ^our 
notebook . 

(g) Why Is the numeial 2 acided to the list of prime nimcers? 
C-\16 w.? have gott^;n the sanie list by writing the num- 

tl'axB i Ui' rtJ-J. uiit- , tj, w ^* J. 1^ - .... - _ , 

thci.'; Do "'ou ..d'Trstarv our b«g:' mlng is Just a short 
cut" 

(h) Was it nr cessar^ .0 continue to 31, -re you would 
cross out every thirty-first numeral? At what point 
did you find that you were not crossing out any new 
numerals? When you moved on to a new step where the 
starting numeral had not been crr--ed out, but found 

•4= , ---i- Jr-, -hat stPT hnd already be^n 

crossed out, then you were finished. 

(a) Using "the sieve of Eratosthenes", find the prime nMrnber 
less than 300. 

(b) What numeral began the series in which the last numeral 
was crossed ouc? (See 2h above. j 

(a) How many prime numbers are less t,han 300? 

(d) How many prime numbers are between 1 and 100? between 
100 and kuO? bet/'eer; dOu aiid 300? 

(e) Separate the natural numbers .etwoen 1 and 300 taKen 
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In ord%r In groups of [;0, I:. v;:ii :n grouL b.r-j zr. 
-X atest number or :^rim-3': 'Nhior. ^ro\Ap of 50 do 

^he i,a;nber of prin^ ^ i;. ^ .^z- ov- r tn^ pr-:^^/J.ou;: group 
of 50? 

( r) How 'nr^nj o^' r.r-m^^ nun^^r rs -ir-; '"hpr- Bunh faht 

their dlffirenae I3 Th^se a:^^: cai.^.e^' pr'rne tvgins. 



sums of prime riunio 

Are thes^ su^^^i y ^ -^n^r ru:nn r^? this alv^c^; s true? 

Hfcmfeaiber ii' ,yuu i'li^u u:;^ -.^^^iUj^.^^^ .*;a.i. ^i-u*^^ i^i^^u c; 

generalization c^^^not b m^d- , AI^o, niatt^ r how ^an,, i^xampleg 
we have, unler's w^^ hav^ all possible examples, we do not have a 
proof. 



1* Find these sums 1 

(a) thirty-one plus nlnuteon 

( b) five plus twenty-nine 

(c) ninety-seven plus one hundred forty-nine 

(d) two hundred ^.eventy-seven plus one hundred sixty-three 

(e) 199 + 233 

(f) 89 167 

(g) Do all of these vxampl'.'G ask for th-: sum of two prirjie 
numbers? 
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( h) Is tne sum an -vfcn number ir; i;ac:;". ^-xamp].^? 
2, -Study tnes% sums. Can you make a ypj'itj.^ acouL ^nemv 

/; = 2 + 2 ^'^^ - ^3 ^-0 ^ 4= ^.i 

6^3+3 4'"^ - 1? - X.. .10- ^ ' + -bl 

8^54-3 ^ ..3 10^^ 5l 

10 ^ 5 + 5 32 -1+ ^^3 106 - 23 ^ 83 

In IT^ig, a mathematician nar d Goidbach made a con- 
jecture, or gu^ss^ abouc tnfjSf^ e^^^-n fiUinbers, ir. fau^^ about 
all even r^imberSj ^^x-i-jpt th^j rAumber two. in a letter he wrote 

. ven numb' :t is "h^ ^u^ ef ^wo prime numt-rs. 

(a) Take a few ex iples and test Go^.dbacn^3 conjectare, 
T^e some r.uinbers b- twe en 1 and 100, others betv^een 
100 and 200, otners between 200 anc. 300, 

(b) Can you find one eve:; number- other than 2 that Is not 
the sum of two prime num::.er3? 

■"---^(c) Can you d:'v/.^ ' Goidbach^ s conj t-cture ^ ? Try. 

Another ProDertv rf Natural Numbers 
In finding factors of numbers in Kxercises 1, we gave pairs 

th- P-^vr^n numnnr. For exMple, 
12 3 X so two facte rs are 3- and Anuther pair Is 6 and 2* 

But the factors or ^' ar^j 'd ano w^- eaci hh^ IhrtL. the factors 

of 12 which are prime numbers are 3, 2^ and or 12 - 3 x 2 x 2* 
Remember tnat we do nut cu.^^L^er 1 a prime number. And tne 
factors of 6 arf 3 anj So aKalr., 12 - 3 x 2 x 2 and the 

factors are 3, and .1. Whai klad of numbera are 3 and 2? They 
aave what uonur^i property? 
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Let's studs? another example. If we can find factors of 
faetorsj we will do it. What are the factors of Zkl 
24 = 12 X 2 24 « ii X 6 24 s 8 X 3 

24 » ^3 X ^) X 2 24 « (2 X 2) X (J X 3) 2'l « X 2) x 3 

« X 2 X 2) X 2 24 - 2 X 2 X 2 X 3 24 = (2 X 2 X 2) X 

2U=JX2X2X2 24s2x2x2x3 
vmat do y.m observe? The prime factors of 24 are 2, 2, 2, and 3i 
vne set Is not In that order. Does that raakp an^ difference? 

In finding factors of a numbei', we will find prime numbers, 
y'V' Vj cornposlte number can be factored Into primes in only one 
way, except for order. This is called the unique f aetorlzatlon 
piuper-ty of natural numbers . 

Hxercisea - 5 

I. Factor completely. (That is, find the v-ime factors.) Expres 
each number as the product of its prime factors. 





A 




B 




0 


(a) 


10 




y 






(c) 


12 


(«) 


18 


( 0 


30 


(d) 


15JJ 


(e) 


35 


(e) 




(f) 


37 


(f) 


47 


(s) 


100 


(s) 


100 


(h) 


jh 


(h) 


315 


(1) 


105 


(i) 


231 


(J) 


42 


(J) 


108 




79 




^1 



^3 
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(1) m 

(m) 300 

(n) 72 

(o) 6h 



(1) 128 

(ra^ 729 

(n) 1000 

(o) 5280 



ExOTlne thft prbduc€B in question 1. If any product , use the 
same factor more than once, rewrite that product, taking 
advantage of the exponent notation, 

Pactor the numbers listed here in as many ways as possible 
using only two factors each time. Because of the commutative 
property, »ie shall say 3 x 5 is not .iiffernet from 5x3. 



A 

(a) 6 

(b) 8 

(c) all 

(d) 100 

(e) 150 

Study 30 » 2 X 3 X 5. How 
' should this set of factors 
be grouped to show that 30 ^ 
2 X 15? to show that 30 = 
6x5? 



(a) Pactor 770 completely. 

Group the factors to show 
all the possible products 
that will equal 770. 



B 

(a^ 10 

(b) 16 

(c) 72 

(d) 81 

(e) 216 

i+. Why shoulo a numb.:r 
such as 78 h xve more 
rosslble different pairs 
of factors than 77'' or 
why should 210 have more 
possible different pairs 
of factors than 25^? 
5. (a) If a number is the 
product of two dif- 
ferer.t; prime numbers, 
m how many different 
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Pactor each of the fol- 
lowing numbers completel,v* 
Group the faators In each 
ca^e to show ail the pus- 
slble ways the number Is 
the product of two natural 
ntimbers . 
(1) 

(2) 66 

(3) 78 
ik) 12 

(5) 18 

(6) 1+8 

(7) 

(8) 75 
(%) 6k 



ways may the number 
be factored using 
different pairs of 

(b) If a number Is the 

product of three dif* 
ferent prime numbers. 
In how many different 
ways may the number 
be factored using 
different pairs of 
factors? 



^c) Fill In this chart- 





Ccaplete 
FactorlsAtloo 


No. of 

Complete 

Factory 


different 
Ways to 
Pactor 
nsiiie Raira 


Ho. ot Ways 

to Fsetor 


55 
130 


2x5%13 


3 


11130,23*5 
10x13,53^6 


4 


770 










2310 










28,0U 











Is there any pattern 
in the number of ways 
such number.^ may be 
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( c) Study 

114 ^ 2 . 3 * 19 
50 » 2 . 5 . 5 

Why are there more possi- 
ble ways to obtain 114 as a 
product ox natural numbers 
thaJi to obtain 50? Each 
of the numbers has 3 fac- 
tors * 

If I have 112 tulip bulbs to 
pl^t and would like to plant 
tnem to make a series of equal 
rovis^ what possible arrange^ 
menta could I use? 



factored using pairs 
of factors? 



If 1 have 1000 chairs to 
set up in an orderly 
fashion In a large audi- 
torium, and want to m^e 
a series of equal rows^ 
what possible arrangements 
could I make? If I 
would like the number of 
rows to be as close as 
possiule to tnt number 
of chairs in each row, 
which posBiblllty should 
I choose? 



Greatest Conanon Factor (g^c*ft) 
We have been looking for common properties in sets of things^ 
that is, we have been finding something which each member cf fie 
set has* In our study of even numbers we saw that each even 
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number has a factor of 2, So^ we said even numbers have a coiBBion 
factor, 2* Lat^s find conuncn factors for other sets of numbers. 
Is there a conmon factor for 10 and 15? 

Fftntors of lOi 5 and 2 

Paetors of 151 5 and 3 
They have a comnon f actor ^ 5* 

Is there a coimnon factor for 2M and 36? 
Express 24 as a product of Its prime factors, 24 ^2x2x2x3 
Express 36 as a product of Its prime factors. 36 ^2x2x3x3 
Yes J they have common factors of 2^ 2 and 3. We can say then that 
their largest factor' ln^?common, or their greateB t common factor, 
is 2 X 2 X 3 or 12, 

We cam use factoring to help us change from one name for a 
fraction to another. For exainple^ we know that 

7. 2 

fit let's use some of tne things we have lei^rned about greatest 

common factors. We write the factors of thL^ numerator and de- 
nominator. 

k ^ 2 \ 2 2 ' 2 

2 

But another nanit- for - is 1, So we can write 

2 

i . i . 1 

U 2 

P 1 

And we know that any number timea 1 la Itself, Then, ^ * g' 

Study these: 

, . 13 _ 6 . 3 ^6 3^^ 3 18 _ 3 

2^ ~ 6 . h ~ 6 ' h ~ ' k 2h k (g.c.f. ia 6) 
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^ ' 36 li . 9 ^ 9 9 3b 9 (g.cf . is 4) 

/.N 36 3.3.2.2 ,3 (3 . g . a) ^ 3 1 al ^ 3 

^ ^ 81* 7 . 3 . 2 . 2 7 (3.2.2) 7 8n 7^ 

(g.c.f. Is 12) 

Sometimes we find It difficult to recognize the greatest comnion 
factor for two or more numbers. We may use prime factors, Just as 
we did In the last example above, to help us. 

Exercises - 6 

1. Factor each number completely and find the g.c.f. 

(a) 35, 21 and 49 (t) 21, 27 and 15 (c) 42, 11^7 and 105 
(d) 60, 42 and 66 (e) 24, 60 and 8)i (f) 78, 13 and 39 
(g) 28, 56 and 14 

2. Simplify, that Is, carry out the Indicated operations, 

(a) 



3. 



(d) 



5 . 


3 
3 




(b) 


3 . 


5 




( 


c) 


13 . 


, 4 




(e) 


2 


. 5 . 


3 


( 


f) 


13 . 


. 5 






11 


. 5 . 


3 








- IT) 


. 11 


(h) 




. 3) 


. 6 


( 


i) 




(2 . 


17) = 






(3 . 








5 . 


(3 . 


7 . : 


J) (K) 


2 . 


15 




( 


1) 


(3 , 




TTv 




•w-^ — ■ 

t. J. 










2 X 


2 X 


7x3 




/ 










3 X 


2 X 


2 X ^ 














slm] 


pier 


names 


for thes 


,e numbers 









2 . 5 ■ 3 
2 . 2 . 13 



(S) C2 . 17) . 11 (h) (5 . 3) . 6 (i) |2 , 2 

(J) 
(m) 



t4 . 2 . 5) A 

3 . 5 

^'o 



(a) 10 (b) 42 (c) 1^9 (d) lOO (e) 36 (f^ 84 

'35 "50 "55 Tob o3 112 

(g) 100 (h) 336 (1) 5280 (J) 1^56 (k) oi| 

- m m% wm rn- imo 

(!) 877 Z 
aO, 4b8 
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Multlplea of Nurr bers 
In learning the multiplication facts, we learned multlp.c3 
of numbere. For example, multiples of ^ between 1 and 40 BJpe k, 
8, 12, 16, 20, 2^^, 28, 32, and 36. A multiple of h is a number 
that has 4 as a factor* Study the multiplication table again. 
Wnat are multiples of other numbers? What numbers are multiples 
for different nunibera? What numbers have the same multiple? Do 
you see any patterns in the multiples? 



7' 


0 


i 






4 


5 


6 


7 


8 


9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


6 


n 


8 


9 


2 


0 


2 


4 


^ 

o 


8 


10 


.1.2 


u 


16 


18 


3 


0 


3 


6 


9 


12 


15 


18 


21 


24 


27 




0 


4 


8 


12 


16 


20 


24 


28 


32 


36 


5 


0 


If 


10 


15 


20 


25 


30 


35 




4f 


6 


0 


6 


12 


18 


24 


30 


36 


42 


48 


54 


? 


0 


7 


U 


23. 


28 


35 


42 


49 


56 


6? 


8 


0 


8 


16 


24 


32 


40 


4d 


36 


r4 




o 




9 




Of 




45 




63 


72 


31 



Exercises - 7 
1. What multiple^! of 6 are leas than 100? 
P. What multiples of 1^ are less than 100? 
3* What multiples of 9 >--^ween 250 and 300? 

^laat multiples of 23 are between 3D0 and 350? 
5p For what natural numbers less than 10 do rmiltlplea have 

deolmal numerals which- end In Oj 2, ^, 6, 8? 

Per ^'^^ natural numbers less than 10 are multiples even 

numbers? 

7^ For what natural numbers less than 20 do all multiples have 

decimal numerals which end in 0 or ^? 
8, For what natural numbers less than 20 can we find nine 
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/nultiples whose deelmal numerals end in 1, 2, 3, ^, 5# 6, 
7p 8, 9 respeotlvely? 
9, What ntimber does not have itself as a multiple? 
10* What natural niimber less than^ 20 has multiples that are only 
odd nunbara? 

11. Can a natural number that is a composite nimber have a prime 

number as a multiple? 
;.2. Write the names of six multiples of 12 using duodeoimal 

numeration. 

13. Write the nanies of six Baultlplea of 7 using duodecliftal 
numeration, 

Ik. Write the names of six multiples of 2 using blnai^ notation. 

15. Outside white paint comes only In gallonUana. How many cans 
Bust be bou^t if 35 quarts are needed? 

16. For refreahraents at a caapflre, each member Is to receive 3 
marshmallows. Marshaallows come In packages of l6, costing 
13 cents a package. If 15 people are at the caapflre, how 
many packages are needed? 

17. If auditorium ehalrs come In aections containing 6 seats, 
how many sections will be needed for an audience of 100? of 
150? of 200? of 201? of 202? of 203? 

Least Coimon Multljple (l.c.m.) 
We have learned that the greatest common factor for two or 
more numbers Is the largest factor common to thoae numbers. The 
greatest common factor of 6 and 8, is 2, It is the largest 
factor that is comaon to each. 
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We also know that: 
Multiples of 4 are k, 8, 12, 16, 20, 2^, 28, 32, 36, kO, HH, kS, etc. 
Multiples of 6 are 6, 12, l8, 2U, 30, 36^ 42, 48, 5^, 60, etc. 
Multiples of 8 are 8, l6, 24, 32, 40, 48, ^6, 6^i, ?2, 80, etc. 
What numbers are multiples of all three? Whloh is the smallest 
one? We call the smallest conmion multiple for two or mors 
numbers their least ooimaon myltlple ^ 

We make use of this Idea In finding like denominators In 
adding and subtracting fractions. It Is true that we can use any 
common multiple. If we found the product of 4, 6, and 8, or 
4x6x8, we would have another multiple, 192, However, it Is 
easier to add fractions If we can find the smallest common 
multiple* Pactorlng helps us In finding It, 

Find trie least common multiple of ^, 6 and 8, 

4^2X2 

6^2X3 

8^2X2X2 

The least coimon ir'ultlple of these numbers must have all the dif- 
ferent prime factors. Each of these prime factors will appear as 
many times as it occurs In the number where It appears most fre- 
quently. 

Least consnon multiple (l.c.m.) for 4, 6 and 8ls2x2x2x 



f 



3 or 24* 



Study these examples: 




27 Is a comnon multiple of 3 and of 9* 



2 . 9 + 5 . 3 - 18 + 15 - 33 
^ ^ ^ ^ "57 IT W 



m 1 ^ _6 m 



1+2 



77 
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By finding tht least common multiple, 
2. 3+5^6+5 = 11 =1 + 2 

■5 7 "5 "5 9 T V 
(b) 3+5 7 , 

"15 18 Ti Plndlng the least comnon multiple 

3 . 12 
T5 12 



3 . 12 + 5 . 10 + 7 . 15 = 15 ^ 5 X 3 

TBTOTITB 18 ^3X3X2 

12 ^ 2 X 2 X 3 

36 + 50 + 105 ^ Ifl ^ 1 + 11 l.c.m.s 5x3x3x2 

TTO "WO rm Tm ibd x a or iso 

,2 ,2 2 ^ ^ 



(c) 7| - 7| . I - 7t| Finding l.c.m.,^ 

si =. si . § ^ 5-1 3^3x1 
^3 -3 6 -18 2 = 2x1 



i.c.m. : a X 3 X 2 ^ 18 



Exercises - 8 

Plnd the multiples of the following numbers which are lees 
than 100. 





A 






B 


(a) 


2, 3 and 4 


(0 


2, 


1+ aund 8 


(b) 


3, 6 and 9 


(^) 


6, 


7 and 8 


(c) 


7, 8 atid 9 


(c) 


11 


and 5 


(d) 


13 and 3 


(d) 




SLnd 12 


Plnd 


the common multiples 


of the numbers 


listed In each part 



of Problem 1. 

Plnd the least conunon multiple of the numbei's listed in each 

part of Problem 1. 

Find the least common multiple of: 

(a) 6, 10 and lH 



72 
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(a) 6, 10 and Ik (a) 

(b) 20, 22 and 12 (b) 
(e) 70, 21 and 30 (c) 

(d) 5, 20 arid lu (u) 

(e) 9, 36 and l8 (e) 

(f) 5, 6 and 7 (f) 

(a) Find all the common (a) 
multlplea of 3, 4, 

and 8 which are less 

than 75. fb) 

(b) Which la the least 

conmon multiple? (c) 

(c) Which multiple is 

next greater thsui the (d) 
l.cm, ? 

(d) Whclh multiple is (e) 
next greater than the 

last one? 

(e) Do you have a hunch 

what the next two great- (f) 
' er multiples will be? 

Perfom the Indicated operation. 

(a) 2 + 7 (a) 

(b) 3+9 (b) 



9, 15 and 21 

12, 14 and 16 

13, 15 and 17 
20, UO and 50 
2b, 12 and 39 

10, 75 and J^S 
What is the least 
coimtton multiple of 5# 
h aui6 16? 

What is another conmion 
multiple of 5, 4 and l6? 
What comnon aultlple is 
between 200 and 250? 
What commoii multiple is 
between 550 and 600? 
What h- rich do you have 
about common multiples 
when compared with the 
least conmion multiple? 
What is the greatest 
conmon multiple of 5# 4 
and l6? 



5+3 



■ 'i - 5 



73 



7o 



(C; 7-3 



i 



(d) 13-3 
T5 W 



(e) 



(g) 

(1) 
(4) 



"5? * 



(f) 3 + 2 + 

T "5 



5 + T + 1 

H - 1 
W T 



1 + 15 - 3 
"lb W 



,13 -1,-1 



3 - , 1 - In 



(d) 
(e) 

(f) 

(s) 
in) 



+ O -P 

^ TT 5 

7+1-2 

(17-1) - a 
T8 f 3 

2 - , u - 11 
43 - . 2+19 



(J) 



13 + ,37 - 10. 

,33 + 33. - 35 

, 8 + 11^ - + 
^15 T5^ ^"5 
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SlffPIfflEh'AAmf "Smm for iilVISIBI^Ii AKD RErE^IKa 

14 iDtreduetion i This monopaph ia for the student who haa st\idiad 
ft llttl« about ptpeatlng deelaals, nimeration systems in different bases, 
and tests far dlT?isibllity (casting out the ninea. for instance) md 
would like to aar^ his investigation a little further , under fuidanca. 
The puiTOSe of thii Jionograph is to givs this guidaneej it is not just 
to b© read* You will get the moat benefit from this material if you 
will first read only up to the fi^ sL set of exeroises and then without 
reading a^y further do the exercises* They are not just applications 
of what you have read, but to guide you in diicoverj^ of further/ iinportant 
and interesting facts* Some of the exercises may suggest other ques* 
tions to you. Whan this Imppens, see what you can do toward answering, 
them on your own* Theni after you have done all that you can do with 
that set of exercises, go on to the next section* There you will find 
the answers to so^^e of your questions, perhaps, and a little more 
inforaation to guide you toward the ne^ set of exercises* 

The most interesting and useful phase of matheaatlas li the dia- 
^.overy of new things in the subject* Not only is this the most 
Ijitere^tlng part of it, Uat this is a way to train yourself to discover 
more and more important things as time goes on. When you learned to 
walk^ you needed a helping hand, tut you really had not learned until 
you could stand alone* Walking was' not new to mankind « lots of 
people had walked before but it was new to you* And whether or not 
yru wot^d eventt^lly discover places In your walking which no man had 
ever seen before, was unimportant. It was a great thrill when jou 
fir^t found that you could walk, even though it looked like a stagger 
to .other people* So, try learning to walk In mathematics* And bm 
inw:af^ent — do not accept -any mor help thw li necessary.. 
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2. Caatlng out the nines . You may toow a very simple ^nd inter- 
esting way to tell whether a number ^ divisible by 9, It is based on 
the fact that a ramber js divisible by 9 if the sua cfSts digits is 
divisible bs^ 9 and if the sua of Its digits Is divisible W 9, the 
nusbar is diviaible W 9. For instance, conBider the nuaber 15678a. 
Tha sua of its digits iil*5*6*7*8+2 which is 29. But 29 la 
not divisible ^ 9 and hence the number 156782 is not divisible by 9. 
If the second digit had bean a 3 instead of 5, or If the last digit had 
been 0 Instead of 2, the number would havt b«en divisible by 9 since 
the sum of the digits would have been 27 which is dlvi.albl6 by 9, The 
test is a good one because it is oasier to add the digits than to 

divide by 9. Antually we could have been lazy, and instead of dividing 

/ 

29 by 9, use the fact again, add 2 and 9 to g^t 11, add the 1 and 1 to 
get 2 and see that since 2 is not divisible '^y 9, ^.hen the original six 
digit number is not divisible by 9. 

V/l^ is this true? Mftrely dividing the givsn niuflbtr by 9 would hav 
test^ the reeuli but frotn that we would ha-^ no idea why It would 
hold for any other numbei-. We 'can show wlmt Is happening by writing 
out the number 156,782 accordinR to what it aoans in the deciaal nota- 

tiORI 

1 3C 105 + 5x10^ + 6x10^ + 7x10^" - SpdO + 2 = 

lx(g9999 + i) + 5x(9999 + 1) + fcx(999 ♦ D + 7x(99 + 1) + 

3x(9 + 1) + 2. 

Now by the distributive property, 5x(9999 + 1) = 5x9999 + 5x1 and 
sL-nilarly for the other expressions. Also we may rearrange the nimberi 
in the sum since addition is com:Mtative. 3c our nunbtr 156,782 may t* 

written S 

1 X (99999) + 5 X (9999) * t x (999) * 7 ' ^9^) +8x9+ 

(l*5*6+7+B+2). ' ^2 

T6 



^ow 99999, 99:?, 999, 9^ 9 ';:v ^;::.-xn - pr-. ■ cu.^ 

=4^ ^-^^ ■ ^ ■ f^ O ^r..' trR su;i of t ftS-t ::rO- 

duct^: is divisiblt by 9, >r.ce tnm ov^i-:.rai ;.^aiiib«r will livisl.le 
by 9 '.f f 1+5^61^7+8+2) is d^vAsibl^ by 9, This sum is the ju'i of the 
digits of ^he given nujiioer. Writing it o^t this \.ixy shows that r ^ 
;^tter -.^ -iven rirnber ie the sar^e principle holds. 

1* C^ joss four n u.'nb** r o an*! by t n jOv^ . ^ t nod test wn 1 1 he r or not 
ir.^-^ u:^ Jivisibie ^ S When ti.ey ar«^ not divisible 9, com- 
para th*^ reminder when ^.Hr Bum of th^^ ^ .gits is .Uvided by 9 with 
the re^aalnder wh^en the numtH.r is div^ided by « nould you guess 

2. Given .wo numbcirs. First, add them, divide by 9 and take the 

r^niainder. Seeond, find tb^ sum of thpir rejnaind<»rs after each is 

divided by 9, dlvida the sum by 9 and take the remainder. The 

rinal ramainders in the two cases are the mmmm* for instance, let 

the numbers be 69 and 79. First, their Bm. is I48 and the remainder 

when 148 is divided by 9 4* Second, the A^emainder hen 69 is 

divided by 9 is 6 and when 79 is divided by 9 i*' '^i the sum of 6 

and 7 is 13s txT^^ if 13 is divided by 9, the reMinder \n L* The 

result is 4 in both cases* Why are the two result? the s; ne no 
I 

matter what nimiberb ary ua«U inatead of 69 arid 79? Would a ciMlar 
reTult hold fur a sum of three numbers? 
(Hints write 69 as 7 x 9 - 6) 

3. If in the previous exercise we divided by 7 in.^tead of 9, vovld the 
rtinniirfers by the two methods be the same? VJhy or i/hy not? 



4, Suppose in exercise 2 con^^ er-'^ ^ -■ yri....c\ . . nw.o-j;-;. 

i .B.^ad of tb-ir sum. Wnuld the corresponding reGult hoiu? Th^t 
is, .---^^ tha reniainder whon .he p: :duct of v9 ; 79 1- iiv:.^^d 
^ 9 be the same ar t^^e product ^ f xheir r^.n^ander^ is divider 

by 9? Would this be true in general? Coula tney ^ divided by 
23 instead of 9 to give a similat^ resul*? Could sii..iar stataments 
be inada about, n'^^oducls of ;nore thau tw^ number n^ 

-2'' 

Us*^ whe r;3uxt wf l..e previous exercise to sncv that 10 ' has a 
Tnmf:.1nder cf 1 wh^n divid-^^ by , VJr /t wuula it p re;minder be wher 
it is livide' Dy 3'? By 99^ 
^ . Vfhat Is tne r?aai. d^r wnen 7^^^' is -ii^'Mea by bl 

7, Yq\ know that ^,.3n a number is v^rit en in thQ degi^l notaticn, it 
is divisible by 2 if its la.^ ■^igit is divi3a.Dle oy 2, and aivisiblE 
by ^> ir its last digit in 0 or 5^ C^^n you d^i'^' sp a siinil8r ^st for 
divisibility by 4, 8, or 25? 

8* In the following statemant^ fill in both Jankis with th^ same numbe-^ 
so that the statement true: 

^ if its last digit is divisible by If ''-ere is more 

T.hAri one an^wax j ^^^^ Llirj wtL^ 5^ twQ» - s^hc ^-<i55 Swvcn 
instead of twelve, how nld the blanks be filled in? ('linti one 
answer for base twelve is 6) 
9, One could have mun thin^ like "decimal*' equivalents of numbers in 
numeration systems to bases other ttmn ten. For instance, in the 
numeration syetera to the base yev i, uhe septimal equiv-'ent of 
5(1/7) 4- 6(1/7)- would be written Just as the decicial equi- 
valent of 5(1/10)+ 6(1/10)^ would be written ,56 in the decimal 
system. The number •1U28C71^S857. ^ * is equal t 1/7 in the 
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df-^iiml sys^err: and in syswer -.o ^ ^ ^ase s^^^en ^*.^^xa " t? 

+ 1 &n ^1 - ^'n t -^^^ ^t.h^r nn . , " = • ~ Lh7J J,.t2 . * . i „ . v.hat 
numbers would have terminating ptirrAls in the nimera^icn syst^rr 
to the base 7? Wimt would th-^ septin^l equivalent of 1/5 '^oe in ^he 
systeni to ' he base 71 (H^nt^ re.-^j:o^r that if '.he cnl" priioa 
factors wf ^ nun^ber ^r^ 2 arid 5, the ^jaciii^l equivalent of its 
raciprocal :?nninat9 3 
10. Use the rasulu o^ ex^rase ; to /^Ir.^; .he remainder vh^n 9 + 16 + 
+ 4 37 -5^^ divided 7* t;'^''':K ^O'ir result by coraputinff the 
sViU and dividing by 7, 

-20 

11* dse the res;..Lt.v of t previous exercises to snow that - * 1 is 

lu.-^, 

iivisible by 9* 7 = x is divisiole by 6* 

12. Usinf ^..a results of 30';.s of the previous e^prc'^^^ if you wish^ 
shorten thn rnothcd of showin;; thsi a nuniber is rAvisible by ^ ^ f 

the sum of its digits divisible by 9* 

13. See page 15 ^ 

3* Why does pasting out thf- nines ^ork ? Firsi. lev us review soma 
of the Importajit results sho^^ in the sxercises which you dtd abova* 
In exercises 2, you showed th to gat the remainder of the sum of two 
numbers, after division by 9^ you can divide tbe mm of their rema^noers 
by 9 and find its remainder -rhaps you did it this way (there is i^^cre 
than one way to do *tj youra have been better). You know in the 
first plaee that &ny natural vmoer may be divided by 9 to get a quol iant 
a..i remlndsr^ For instanc. tnr: n\mber is 725, the quotient i3 80 
and the reraainde. is 5. Purtb^rmor^ 725 ^ 80 k 9 + 5 axid you eould see 
from the way this is written t'mt S Is the reroairider, ThuSj using the 
nmibers in the exercise, yoj would write 69 « "7^9 + 6 and 79 ^ 8x9 + ?# 
Then 69 + 79 ^7x9 + 6^ 3x9 + 7^ Since the sil^ of two mMbers ia 
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* 6 ♦ 7. -hen. by the iist-i '.■-:tiv^ -r-.p- -.y, ' - "9 '^-^ x V - t * 

wri-tt X - + 4. Thus 69 + 7^ = (7 > H + I ; 9 * -^o, ^o- thr 
fora it is writtsi: iL, as': ' - * 4 ' ' r€.^ai--r wn^n - sur; is 
divided by o. It is ax^.o tre ri;:^inier wV.'sn tha su=i of ,he remainders, 
t . 7, is di%i-ed y '■. 

Wr '-^n- It ou* in -hlE f«"?h or is :3ior'- w..,, thas :-ak^ng the compu- 
te ^ lung the short way but it does show wh'it is going on an why siaiUr 
resul. -auld hold if bi trd 79 we-p r^'plaoed by any othir nuaN rs, 
f.nd, ir fact, we could r--'plf^-e '■ by any wL.ier miab'^ as veil. Cra 
way ^1 do this ia to us- 1 '.'T:: :n place of the numbers. This has 
two advantages, in t..^ r;r&L pl^ch Jl ns^l^ b« aur^ th..t wo 

not make use of thw speciB" properties the nuabera w- had withoi t 
meaning to do so. Secondly, we can, Hfter uoing it for lettera, see 
that we may replace the letters by any numDers. 3o, in pla< p uf 69 
we write the letter a, and in piece of 79, the letter b. When v 
^4^..^* +- ^*,^v.^^ ^ Q wr- won Id hflVR a nuotiant ^ii.d a remalrid^r, 
Wa can call the quotient tne latter q and rernainder, tha letter 

TiiSri wc would ii^T^ 

a ^ (q X 9) + r 

Wi.ere r is lbto or 5Q;ne r^:ural nurib-r less tnan 9 coglri do na 

sa.ia for the nii^ber b, nit we sh uld not let q be the quotient since 
it might be different frw^ the quotient when a is divd led by 9* We 
here could call the quot: mt q' and the re.nannder r^ Then we would 
have 

b ^ (q' % 9) ^ 
Then the sum of a and b will 
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; ^ f X - + ^ -v- i y c- ■ + r- -. 
We car ^se the cgi -.ut^ _ ve- propert" ^ nave 

and the diE.ributivc pr perty ravf^ 

Then if r + ware di^ .ded by 9, we wouli 'na^e a q'jotient whicr we 
mght call no ^ r^:nai' ier r". Then r + . -^^ 'q" x 9) ^ r" and 
a b = a + n ' ) X 9 + la" X 9) + r" 
= (q ^ q' ^ r.'^) X 9 + r". 
Nov r" is ^ero or xesn than 9 ar.^ h^nce :i s not only tha remainder 
wheu r + r' .3 aiv^ lad by 9 out 'ilso the re.minder wV.vn a ^ b is 
divide%x by 9. o as I'ar as ^ he remainder goesj It does not matter 

The solution of exercise 4 goes the saxan way as that fr -xerclje 
2 except that we multiply th© numbers* Then we would have 
69 X /9 = (7 X 9 ^ 6) X (S < 9 + 7) 

-7x9x(3x9 + 7)+6x(8x9^'?) 
=^7x9x3x9 + 7x9x7 + 63e83c9^6x7 
The first three products are iivis^ 9 by wtmt we she*.>^ n 

e^trcise 2,- T-^mH^ini^r wh^n 69 x 79 is divided by the *^%ma as 

^he remlrder wheTi 0+0+0^6x71s divided by So ixi finding 
xne remainder when a ^»roduct is nivif.i^d by 9 it %k nu cliff*ii'=xic€ 
whether we i le the product or the product of the remirdera. 

If we wt ^e to write this out in If 'rs as we did the sum, \t 
would look like thisi 

a X b ^ (q X 9 + r) 1^ (q* % 9 + r») 

^qx9xq' x9*qx9xr' ♦rxq» x9*rxr' 
Again ©aeh of the firsi three products is divisible by 9 and henoe the 
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r-^airier vh^r « - b 1? H^.v:'i^- ^ ..... v- - - x r' 
divried by 9* 

\e usfed th^' nu-ner 9 a].: th-- ^' '^^^ --^^ ^^^^^ ccnc--3:cr,c 

would fcdlow -'nil -if^ ea-ily f^.r ^n: :.n^D- pl^.c^ if 9, such a? 7, 

23, etc. could L:.v^ .a. . .r iir : a.... ^>i^^ i-e^.s 11^- 
carrjiny it too far. 

-her€ i:: ^ 8hcrter ^.r-.:- - • ^h-^.. had above. 

te ab ^ ^ b and 9q in ^lac^ c.: v X q. H.rc€: the .last 

ab ^ qq'? r . ^ . r ., '9 - n 

.'.r ab = ■' z ^ S/o. ' Jrq^ ^ -r ^ ^ 

s-ja. cf t o nujaibers Ie divi^iiil by 9 (or ar ; other riuj^ber) is the same 

th^ r^.^iid*^r .b..n t h^. -u;i cf the roL.aiT'-:*r^ dlvkle^ ^ 9 (or 
the S6L:ae oM nt^b^;,, Tht^ sar^e ..roc^durt huldh for ' bt pr^d^^t in 
place of the ffum- 

Thase faets nmy ^ uEei to give q. l^e e shcrt proof of the jinpor- 
tanb ^^pnli rtated in exevfi:b^f^ 13. Connr3^r aga^r the nimbcr 156,782* 
This ia .tten in the uyual fern.- 

1 X 105 I ; IC;"^ ^ 6 .(.^ - 7 x 10^ - ^ x 10 ^ ? 
N:^v the result stated abovfe for th€: pr^->ouct, th? re:.;a^ra whe^n 10- is 
di-vided by 9 is the sfuue ay whe^n tha :jv^_ luci u[ Lh#> i&saai .dtr^^ 1x1 
J.S divided ^ 9, that is, the remainuer Is 1. Cimiiarly 10^ has a 
re inder 1x1x1 whfin divided b^^ 9 and h^r.c€ 1. So all th« poweri 
Qf ten havt a rtmairider 1 when divided by 9. Inun, by thf result 
^t\t^d above for +.116 sum, thH remainder when 156,782 is divided by 9 
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ia the same &3 thr rev^^^^ -.r vhftr Ixl + '-ixl^6x^ + 7xl^" 

X 1 + 2 divided by 9* ^: M n 2^^;.\ Is ^u: v :h- -.^ digits. 

Writing it this wa- it 3 e^s" r.-e ^ vfJ ^^ -k^ t'or ^.^y nioffber. 

Now we car, u^e >.h^ re^i;'' *" lixer^i.^fi^ 13 cescrite a che^k 

called "eastirig o;.r th'^ rlr^ij.^^' ^ ich :r r.^v. used n.;:cb In thnse na:/2 

of CQaputing machines, but whirl, is st.^i ifi^ ^ rosting* CGnsiier tna 

prpduGt 86? X 935* '--e irrch^^.e .he; follcwixig calculations: 

86'^ mMi oi ii SI sum of digits 5 

954 sufL ^ .gi ; u 16 si^ of digits 7 

Product ^^9s77B Profiiioti 3 > 7 ^ 21 

bim 01 diL. r.s '6 - , - V ^ y - 

Su^ of digius I ^ H ^ : : &im of dibits; 2 + 1 ^ i 

3ii£i of di^i t ^ X ^ ^ ^ Z 

Since the tiio result? I '.u^ s^i^ ^ ■ ^ve at le-i^t Bom. ^henk on 

the accuracy ,)r tre :i^f mJ-ts, 

1* Try tb^^ :. ncci cht jking ^or another product* Would it also work 

for H -:.>-n? If tr^- it also* 
2* Kxpl£.tn why this should ccrne out as it does, 

^. If a ceniputati V. checkti Ihid way, show tht t it still could be wrong* 
That '.s, in the example given B.l^VBp wtmt would be an dncorreet 
product th4t would still check? 

4* aivt>ii ths nusb-r 5-7^ + J*7^ + 2*7^ + l^T^ + 4-7 * 3. What is its 
•la^rd r wh^jn it If divided by 7? Wh?t.t 3S Its rerMlnrl^r when It 
is dSvide^ 6? by 3? 

5. Can you find -ny ^hcrt-cuts in the em^npls abc%^e analsgcuc tc 
easting out the ninr 

6, Jn u numeration syata.,* tc the base 7 whf t wculd ba the result cc • 
raspondirig to that in tie deci.-nal syBtem whj^h gives casting out the 
nines? 

83 8l) 



7, The following ia uricv oa^^d or CL.5itir,R o_ r:.r.^5, 7^.: 
sea how H works? You an^ iorneonc t^. picK a vo^ber — i' ^ht 
1678* Than ygu a^.: for^ an.^her n-.^c-r iTo^i the : digits 

in a different order — ha .night t^K- 6187. Then you ask h. m to 
^ab^rac^ the cinaller frorn the larg-r giv* you the s^m of all 
but one 0. the digits in the result. ( -e would .^ve 4509 acd might 
add the la.t thr^e to give you U) . All tv • , would be done 
without your seeing any of "he figi^ring. Than you would tall ila 
tb^.t tha other digit in the result is 4* ^oes th^ .rick always 
work? 

One metnoa oi s/.ar: an^ f.g wi.e ..^u-a^-i^'ri 4.'=- .-^^ ^^^.^..g 
out the nines, is to discard any partial mm^ which are 9 or a 
n ^r.*- ^^e^+^ri^* 1 1-*^ ^i^flmnl^ fflven, we did no+ 

need to add all the digits in 810,645. Wa could notice that 
8 + ^ s and 4 + 5-9 and hence the remainder when the sum o" 
the digits 13 divided \ss 9 would be 0 + 6, which is 6. Are there 
other places in the cheek wh^r^ work could M^e bean ahortened? We 
thus. In a way, throw away tl..^ nines, it was from this that the 
name ^casting out he nines" eame. 

^ just th^ same principle, in a number system to the base 7 
one wou3d cast out th* .^ixen. to the ^se 12 cast out th© elevens, 
etc * 

4. Divisibility ^ U* There a tt t for divisibility by 11 
which is nc . 4ui1 e so simple as that for divisibility by 9 bta ia 
quite aa^y .o apply ^ In fact, there are two tests. We shall start 
you OD one and let you discover the other for y..ursalf. Suppose wa 
wf ni test the number ^7945 for divisibility t^r II* Then wa can 



write it before 

The rcmalnierp when 10' and 10^ are li ar^ i, Dur 'cne 

ramainciprs when JOjl/;-'^ 10^ ar^ ii%ided by 1. ar:, K. K'^^- IC is t^;ual 
to 11-1. 10^ ^ 10" (11 - 1). iC^ = lO^'ll - 1/* That is enough. 
Perhaps w^^ have told you too ^uc. already. It is your turn to car. 7 
the ball* 

1, Without consider^np 10 to oe 1-1, can yc from the abova devi&e 
a test for div.Laibili; ^ by 11? 

2. Noticing: tha* 10 ^ xl » 1 and ho forth as atove, car' you daviea 
another test K divisibility ty 11? 

We hope you w^re alle to devise the tvc tests iuggaated in the 
prtwJ..5ua exercises i Fo^ the first, we could group the digits and writ© 
the TAimber 17945 1 % 10^ + 79 ^ lO"^ * 45* Hence the raraainder when 
the nmbar 17945 i^ cdvlded by 11 should be the sMie as the. remainder 
when 1 * 79 ^ 45 is i vided by 11, that isl + P. + l-4» -(2is the 
ramainder when 79 is divided ^ 11, eteO This aethod would hold for 
any number* 

The atcond sathod requires a little Imowledge of naOT+ivs numbers 
(either rer' ^ them or, i'' you have not iiad themi omit t..is paragraph), 
W© aauld consider as the remeKri^-r whi r 10 is divided oy 11* Then 
the origiEal number ' Id havi the same remainder as th»^ remainder when 
1 * ' l-l)^ ♦ 9 + 4(-l) + 5 is divided b 1\, tliat is, when 5-4 + 9 
* 7 ^ 1 Is divided by 11. This ?a3t sum is equal to 4 whieh was what 
we got the other way* By thifl test we start at the 1 jht and alter* 
Mtely add and subrbrmct digits* This is ampler than the other one. 
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1* Test severa.- i i.:e.- : 'jt v 1 h i r U ' ■ j Oj :B:.r,g \ne rib^hoc^ 
described a^ve. ftnere *ne nu^vpi^ i^r^ . .Iv.-^u.!*? ..r.:' *.n' 
reminders by t ^ ^thod giv^n 

2, In a numbtr ays t- the base 7, vr-it rum-^r ^ ^ ■ tes ^'ir 
divij- in ^he sMt way that we t^^stad frr 11 in uhe de^lMl 
systea? ouid both inHthods given at>ove work for tese 7 as well? 

3, To iesl for divisibility "ay 11 we grouped the digits in pairs* 
What liU^ber or mrnbar^ cc J ^ we test for divisibility bj grouping 

'jpn^ f^Q^ . ^ orx th*? su:i of ^.5^ d ^92* Fc^ what nviabars 

would tn^^ remair^'ers oe th^^ same? 
I. Answer thn qi^stions rai-?ad in exercise 3 a nuifleral iystam to 
base 7 ns w<?ll as in a nuiseral iystam to base 2£m 

5, In the r p^^ai^ng decinax for 1/9 ir. the decimal system there is 
one dip^lt in the repeating portion j in the repeating eclaal for 
l/ll in .re decimal system, there are two jigits in the repeating 
portion. l3 there any cQniiection these facts and the 
tests for divisibility for 9 and 11. What wou±d be the comec- 
tion between repeatltig decimals and the questions raised in 
exercise 3 above? 

6, CoTild one have a check in wh : 11 »s were "caat out'*? 

7, Can yau fljjd a trick for 1^ similar to ttot in exercise 1 above? 

5* Divisibility b^ 7 There is not a very good test for divisi- 
bility by 7 in tl decimal syst.j;np (in a nu^era.ion systeni i wha+ 
base would there to a good test?) But ^ is worth looking ^nto Blnce 
we can see the wanection ..titween tests for divisibility wid the 
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Rama'ndar whir 3 /; - 

10^ is divid'sc. 
by 7 

If you compute the decimal eq. ivaler. t . l.f 1/7 vou will see that the 
remalnderB are exactly ti.^a niixnbers in the second line of the .abls in 
r/ht order ^.= v^tu Why ' this so? ' lia .Bc^mb tbiat if we wanted to find 
the remainder v^'en T'^'S^SS^ 1-* ^l^j.^. ' by 7 w "1 write 

7 X 10^ ^ 9 X 105 - - X 10^ ^ 4 X "3 ^ ^ X 1( ' 

^ 3 X :.o ^ 2 

and raplace t^'^ y^r^o'^s pnwor:^ 10 d;'^ th""^ir reraairJer^ in the able 
to get 

7 i + 9x::*^"x4^4x6 + 5x2 + 3A3+2 
We woul" h^v^ tc ^c.^.putG "^his, di^ :de by 7 and find tr^ rs^irder* 
That would l.- as much wGrk as dividi^- ' :^ 7 In the first place* 
this ia not a practical test bu i' does show the relationship between 
the repeating decimal and the ' ^st # 

d^vidad by 7. If instead of 7 soma other number if taken aich has 
n ither £ nor 5 a iaglgri 1 will tht rb.oMind* when somti power 
of 10 ?s divided by that mimbsr* For instance ^ th'° T-e is Lori*^ pover of 
10 lich has the remainder of 1 en it Is divided 23* This is 
vmTj closely connected with t>^e fact that the remalndera must from a 
eertd.in point on, repeat. An^th^ r way of expressing thi"" ros^olt is 
that one can form a numbe>^ complerely of like 99999999f whjrh is 

divisible by 23. 
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Then divi;.3 10' t.ha^ 1 fc"^ I ' nr.:. --k W.' I'r r-iL^-lrd-r i 

Bui ve JO no' ^-d to ni Id- 1 '■•'C : . ..er-v:: nt'ic. tha* lOOC 

Is 100 and henc^ '.he r-;.air.-r lOnc : dividen by .7 is the 



10'' X 11 -nJ ;;f :,C'i t..e re;rai-der wh-n 



div;d.;d by 17 ^h" Mi^' vv.,r. U X 11 :^ diUdr^ 17, that 
4. -he tabl-; '- -n ^;iv- =; ^h- . - wh- povtr? wf il fare 

dividfl b-- vatdc.s :r :.b':rs; 



1 I 1 



^1 



10' 



10^ 



10' 



10- 



10 ■ 
in2 



10 

10 



10 

11 

,12 



10^ 

10-^ 
loU 

,45 



1 
1 



10 



4 



7 

16 
7 



10 
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1 
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n'iimbar In divided by 9 le th Bame aa the rem^^der wb^v^i 
the number is dlv'ded by 9# 
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with the natuTftl numbers 1, S, 3. 4, 6, 6, and ao on, end 

he number zero T -ese we havo s^r^cQ-^ to call the whole 
numlJera . Later on we .-hall aave what ,.3 call "negiitlve num- 
bsra" as wail and flr..^ t;.at; another narae for t.ie whole num- 
bers iBi, '•the ron-nesative in jseri" or "the positive 
Integers and zer-r'' , But In t.''ils unit we a.^all Just use the 
words "whole numrars" "o deacri.oe the .-■jt, 0, 1, 2, 3, etc, 
Dlvl lor. Is thf> ^Inverae" of liiuit ipl icat Ion | 1;hat la, 
6/P, = 3 a i 6 : 2 X " cwa wtya of axpraflalng the aame 

relatlonahlpr Also G/4 ~ l| bocause 6 ft 4 x !#. When we 

divisible by 2*, But when we divide 6 by 4 we do not obtain 
a natural nuBaoer and we say "6 is not divisible by 4*^. Tl-.s 
tsra "divlaible" does nnt mean msrely "you ean divide" (this 
Can usually bij dcna - certainly In both ctaea above) but it 
means that both the divlaor and quotient are natural numbers . 
Two other ways of Baylns iU Is dlvtslblf- by 5" are "40 iB a 
multiple o.f 5" and "5 is a factor or 40". 

2 a f n4-. 1 nnftl nnt at lon . Tt 'j Symbol 6/2 coiild have 

two asaning, . It might ba six halves Oi" haj.f of six, that is 
c _ A i . R fT*i« t'o>-?f. hhnt these two are eaual la called 



the commutative property of multiplication. We see/ that alx 
halvea are 3, which Is half of six* 

. . (i * # ♦ i ♦ i * * ♦ *) = 1 * 1 * 1 ? 3- 
we use the two meanlngB interchangeably, 
.1/4 la the number auoh that if you multiply It by 4, , 
you obtain 1| that Is 4x(1/4)b1« In a similar way, S0x(l/2d) 

or (l/20)x20»l. 

3/4 would be 3x(l/4) or (l/4)x3. We can also say that 
3/4 Is the number puch that If you multiply It by 4, you 
obtain 3, 

The quotient of any two whole numbers we call a rational 
number whenever the quotient has meaning. Some examples are: 
■3/4, 7/2, 6/1 ; 125/789, 670000/3. ' 

Exerolaes A *' ,^ 

1. Give examples of the following kinds of numbers: 

(a) natural numbers (b) whole ni^bera 

(o) non-negative numbers (d) rational number a 

2. Express the relatlonshlpa as products t 

(a) (8/2)^4 (b) (21/7 )s3 

(c) (150/I6)sl0 (d) (29/5)-B 4/6 

3. By what natural numbers la 144 divisible? What numbers are 
factors of 144? 

-"4, List 10 multiples of 7, 

5, List 5 multiples of 13. 

6. What are two of the meanings of 3/8? 



V - 3 

'7. 2/3 is the number auch y^.ct if it la multiplied by. 3, S 
is obtained. Use this lansuaBO to describe the followj-ng 
numbarBs 

(a) 4/5 (b) 7/3 , (c) 1/8 (d) 0/11 (e) 100/9 
8. Using the., fact that: 2x3x5x17=510, answer the following: 

(a) What numbers are faotora of 510? 

(b) 510 la dlvlfllblQ by what number a? 

(c) 510 le a multiple of what numbara? 

9* See Exerolae 8, By which of the following numbers la 510 
, divisible? 

' , 4, 0, 8, 10, 11, 15, 20, 34, 51, 52 

10, Aaaume a,b,o, and d are natural mmbera. If axbxosd, 
make as many statomentB as you can about faotors and 
multiples Involving 2 or more of the numbers a,b,o, and 
d» la d a multiple of axb? la bxo a factor of d? 

3, Multiplication of rational numbers ^ In order to use 

rational numbers we must be able to multiply and add them, and we 
should like the properties of multiplication and addition to be 

the same as far as possible for the rational numbers as 
for the whole nvmbers. Since mult Iplloatlon la a little 
easier than addition, we shall oonslder.lt first. What should 
be the value of (l/3)(l/4)? It la one-third of one-fourth, 
in other worda we would divide aomethlng Into four equal parts 
and then eaoh of these parts Into three equal parts ^ We would 
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hav@ In all 12 lequal parts* Henoe we should define fcha 
ppomot {l/3)x(l/4) bo be l/l2« Similarly, {1/6 )x(l/5 )^l/30, 
nils would suggest what the product should be for any natural 
niwbers In .place of 3 and 4. One way to expreas thlo would 
be to replaoe 3 and 4 by lettera Instead of other numbers and 
have it understood that the letters stand for any numbers^ 
Ttoen we would have 

(l/a)(l/b)^l/(ab), 
where ab meane the product of a and b* 

Suppose we hava two rational numbers whose numerators 
are not 1^ such «.s (3/4) x (5/7), Then this could be written 
(3/4) K (S/7) - 3 X (1/4) X 5 X (1/7) by the definition of a 

rational n^ber and the aasoclatlva 
property* 

^3x5 x(l/4) X (1/7)^ by the com?iutatlve 
ptlnolple. 

n 15x(l/S8)^ 15/88^ using the value of the 

product of two rational numbers with one 
In each numerator* ^ 

Would this work eqijally well with any natural numbers In plac 
of 3^ 5j .and 7? Exprsssed In letters would It toe 

(a/to)(c/d) - (ac)/(bd)? 

In words what does this mean? 
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Exarclsea B . , 

1,, Explain what Is meant by eaoh of the following: 7/l2, 

5/3, 10/6, 14/24, 

2. Calculate each of the following products: (5/3) ^ 

i^f/H) X (3b/b) X b for several natural numbers In 
place of b . 

3. we imow that S/6 « 1, 20/20 = U UrLng this, and aseumlns 
that S product of any rational number and 1 la the 
rational nuniber, find the value o£ i 

(3/,5) X (6/6), (7/10) X (20/20), (ll/S) x (7/7), 

4. Computfl the products Indleated In the previous exerclB^, 
ualnii the definition of the product of two rational 
nmnb(jrB, 

5. Can Uhe natural number 6 be thought of as the rational 

niimb«w 6/1? Why? 

6. calculate the products, using the method of the preceding 
page for the product of ( 3/it)x( S/f) , and giving the reasons 
for each step- 

(eO (l/a)x(3/5) . (to) (2/3)x(3/^) 

(c)' (5/6)x(8/9) (d) (l/Mx(2/3)x(7/8) 

7. Using the definition of the product of two non-negative 
rational numbers, is the., set of non-negatlv.e ratlonals 
closed with respect to multiplication? 
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8. Find the foliowlng produofcs i 

(a) 6x(3/ll) (b) (2/9 )x4 (c) (1/3 )x(l/4 )x(l/5 ) 

(d) (2/3)x(7/a) (e) (T/5)x(5/T) (f) (l/4 )x(8)x(3/S)x(9/4 ) 
9m SAippose two equal rational numbers have ©quftl denomlnatQrs * 
^ What can you say t/^out their numeratore? Suppoae th© 

equal rational numhers had equal nmeratorSj what could 

you say about their denominators? 
10, State In words tho method of finding the product of two 

rat I onal number s • 

Equality of rational numbers. How do we Imow that 6/2 
and 12/n are two ways of rapresenting the same number? Are 
there different ways of representing any rational ^ number? We 
Imow that the answer to this is "yes" slnce^ for example 1/2= 
2/4* Here It is helpful to make a distinction that we made for 
natural number as there la a difference between a natural 
number and the symbol used to repreeent It* We call the 
a^bol, the "nmneral" , Here when we want to make a distinc- 
tion, we call the symbol the •^fraotlon" , If we were going 
to be very particular we would have written In the last aec- \ 
tlon: a f rant Ion which reprwenta the produot of two rational 
numbers, 1^ one whose numerator la the product of the num6ra« 
tora anto whose denominator la the product of the denominators 
of the fractions which represent the given nimberSw ^la, of 
oouree, la. being altogether too. part loular* But It le uaefu3. 



at times, to hav^ the word "fraction" for the symbol. . For in- 

stance, , we. could say that the tiro fractions 1/2. and 2/^ represent 
the (same rational number and bo we caljl them equal. Also we 
shouik probably apeak of the numerator and denominator of a 
fraction/ but not of a rational number. But this Is awkward, too, 
and there Is rv^u likely to be any confusion when we speak of the 
numerator of a National number, If we realize that It may have 
several numerators and that we are merely referring to the way it 
is written at the time. 

We saw in exercises 3 and 4 above that (3/5)x(6/6) Is on the 
one hand equal to (3/5)xl which should be 3/5. On the other 
hand, if we multlpl;/ the numbers, we obtain 18/30. So 18/30 
should be equal to 3/5. We could have used any natural number 
in place of 6 and we could have seen, for instance, that 

3/5 « 21/35. 

In fact, no matter what natural number k Is, it would be 

true that 3/5=^(3xk)/(5xk) . We can write this more briefly as 

(3/5)-(3k/5k), * ■■ 

,'Ve can multiply the numerator and denominator of any fraction. by 
a natural number without ch iglng the value of the rational 
nymber which It represents. Is this still tru^.^ if k is any 
rational number? Also, v/orklng from tiie right to the left, we 
can divide both numerator and denominator of any fraction by the 
aome natural number without changing th# ^r-tlonal number which It 
represents, r 

How do t*e find out whether two fractions represent the 
same rational number? Suppose we had 6/15 and 4/IO, in which 
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the numerator of one Is nub a divisor of the numerator of the 
other. One method would be to reduce each fraction to lowest 
terms , that Is, in each fraction divide the numerator and denom- 
inator by ar^r common factor. Then the statements that 6/15=2/5 
and 4/10= 2/5 show that the two given fractions represent the 
same rational number. Another way of^ showing them equal would 
be to equate each fraction to one whose denominator Is the 
product of the given ones. That lb 

6/15 = 60/150 and ^/lO = 60/I5O. 
In the first case we multiplied the numerator and denominator 
by 10 and In the second case by 15. If do this using 
letters it is easier to ,se,e what th result looks like In 
general. Let the fraotlon.'s be a/tv and c/d. Then 

(a,/b) = (ad^/tad), and (o/d) = (cb/db). 
Now bd = db', by th^^ jominutatlve property arid cb =,hc. Thus If 
the fractions (that la, the rational numbers which they' 
represent) are equaJ , thsn ad = be. Also if ad = be, the , 
f Tactions will be equal. 

Exercises C 

1. trove in two ways that each of the following pairs of 

fractions represent the same rational numbers: 6/21 and 

10/35, 9/12 and 21/28. 
g. In the second method above we tested the equality of the 
two fractions by making the denominators equal. Could we 
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have the numoratora equal instead? If. so, what would 
the conolUBlonB have been? 

Use the conclusion- that a/b = c/d, when ad=bc to decide 
whether the following sentences are true or false i 
(a) (2/3)8(20/30) (b) (l/lO )a (lOO/lOOO) (o) C5/6 )^ (51/61 ) 
(d) (4/5)^(7/8) (e) (17/51 )M3/9) (f) (l/^)x(3/4)s9/2 

Reduce the following to lowest tormai 
(a) 100/300 (b) 50/250 (c) 0/36 

(d) 96/108 (e) 121/143 (f) 1924/2036 

Show that (4/7)x(7/4)=l and that (9/l7 )x(17/9 ) =1. 
Show that (a/b)(b/a) = l If a and b are natural- numbers The 
fraction b/a Is qalled the reciprocal of a/b. 
Write the reciprocals of the following numbera s 
(a) 2/3 (b) 10/11 (o) 29/3 (d) 99/100 (e) 10 
Which of the following •sentences are true. and which are 
false? Give the reasons for your answers: 

3/(2*6)Bl/(2*2) 3/(2x6 )sl/(2x2) 

3/(64.12)sl/(2*4) 3/(6x12 )»l/( 2x4) 

Juat ahowlng that the numbers are equal or not equal is 
not enough. The proper or wrong use of the fundamental 
properties <Qf' rational numbera anid natural numberB should 
be stated « 

Is the following statement true for every rational numbers 
Given a n ilonal number, the reciprocal of Ita reciprocal 
la' the given number. 
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I, • 

■ 5^ Division by zero . So far both the numbers appearing In 
th^ fractions conaidered have been natural numb e us. / Why did we 

• fall to mention fractions like 3/0? We know that 3/2 was 
defined so that (3/2) x 2 « ,3. So 3/p would have to be defined. 
If at all, so that (3/0) x 0 ^ 3. This would seem peculiar 

• since we know that> any natural number multiplied by- zero Is 
zero. But we still might not be disturbed by this. Suppose we 
carry It a little further. Then [(3/o) x 0] x 3 ^ 3 x "3 » 9. 
But, (3/0) X (0 X 3) ^ (3/0) x 0 « 3. Hence the assumption 
(3/b) X 0 s 3 either leads to 9 « 3 or' that [(3/0) x 0] x 3 Is 
not equal to (3/o) x (0 x 3) which would deny the associative 
property. Our only choice then Is to exulude zero denominators, 

' ' Exercises D 

1. Should 0/3 be included among the rational numbers? Why? 
If it should be Included, what" number would It have to be^ 

equal to? , " . • 

2. Use the argument In the paragraph above to show a contra- 
diction we would reach If 4/0 were defined to be 4. 

3. The number 1 is what multiple of each of the following? 

(a) 1/2 (b) 1/3 (c) 1/10 

(d) 1/100 (e) 1/1000 (f) 1/1000000 

.4. Does the question: "The niimber 1 is what multiple of zero?" 

havf any meaning? Why? 
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5.' Could 0/0"be admitted to the family of rational numbers with- 
without running Into trouble? Why? 
. 6, • Division of rational numbers . We have seen that it is', 
easy to multiply two rational numbers. How can we divide them? 
Suppose we cqnaider the quotient: ( 3/5)t( • 'There are two = 
ways to find this quotient! In the first place, we know that 
2/3 is that number which when multiplied by 3 gives 2. Hence If 
we are to find the quotient (3/5)/(^t/Y) we must search for a 
"number which, when multiplied by '(/T gives ?/5. In other words, 
we want to start with and by multiplying by-a properly 
chosen rational number, arrive at 3/5. If x stands for the 
number we are seeking, then 

(i+/r).x=3/5 

If me multiply each of these two equal numbers by 7/^, the recip 
rocal of 4/7, and use the relation that (7/^) • (^/r)-l, we obtain 
x={7/^) • {3/5) . Hence the number we are seeking is (7/^) (3/5)= 
,51/20. 

We aee (3/5 )4 (4/7 )"2l/20. To oheok, we find 
(4/7 ) (21/20 )=B4/140^3/S, 2l/20 la the number which multl- 
lled by 4/7 givers 3/5, 

We can think of the quotient (3/5)4^4/7) as a quotient 
of two rational numbers, or as a single fraction with the 
rational Iriumber 3/5 as the nmnerator and the rational number 



4/7 as the "denominator. 
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Then anothor way to got trio sfime reault la to notice thnt we 
can, mak© the denominator of tho glvon fraotlon 1 by multl-- 
plylhg numerator end denominator by th*e reolprocal of 4/7, 
^"^H^t^^, by, 7/4, .Then we have ' > 

iS/5)/u/7l ^ (3/5) X (7/4J / (4/7) (7/4) s (3/5) x (7/4) /l 
^ - (3/5) x,(7/4) 21/20. 

HoF would you formulate this In words? This shows that we have 
In the rational numbers a system which has one advantage over the 
natural numbers. The natural numbers are not closed under dlvl*. 
* 3lon^ that, la J the quotient of two natural numbers Is not always 
a natural number. But the rational numbers are closed under 
division except by zero,^ since the quotient of any two rational 
numbers Is a rational number^ except when the divisor Is zero. 

Exercises E 

1, • What Is the quotient of 3 divided ^by one-half? Find the re^ 

suit using division of fractions. Show how the same result 
could be obtained without dividing fractions. 

2. Find the quotients of: 

(a) (3/2)1(9/4) (b) (9/4)1(7/6) (e) (3/2)f(7/6) 
(d) (5/6)i2 (e) 3f(3/4) (f ) (10/11)^(2/5) 



3. Find the quotients of: 

. , ' (a) (3/2)f ^^Abf(7/6)] (b) [j3/2)A(9/4)] f(7/6) 

4. Is division of rational numbers assoolatlve? 

5. Find the quotlenti 

(6.A)i(o/d) 
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6. State the results in Exercise 5 in words. 

7, Addition of rational numbers . We have seen how to 
muitiply ratlonai numbers. How do we add them? If the denom- 
inators are the samt. It Is easy. For Instance i 

3/r + 2/7 = 3x '(i/r) + 2 X (1/7) = (3 + 2) K (i/r) 

= 5 X (1/7) = 5/7 
We Just assume that the distributive property will hold and 
define addition accordingly. We could express this In terms 
of letters: 

a/c + b/c a (a+b)/c. 
When the denomlnatora are equal we add the numerators, retain- 
ing the common denominator. , 

Suppose we have two ratlonai numbers whosa denominators 
are not equal. Then we can make the denominators equal by 
multiplying numerator and denominator by appropriate natural 
numbers and then add the numerators. Suppose we wish to add 
2/7 and 3/5.. Then we have 

2/7 + 3/5 ^ 10/35 + 21/35 « (10 + 2l)/35 = 31/35. 
We chose the 35 as the denominator since It had to be a multiple 
of 7 and 5 and the smallest such number Is 35. Why Is this the 
smallest number? Suppose on the other hanS, we were to add 3/4 
and 7/10. Here our denominator must be a multiple of k and also 
of 10. While 40 satlbfles these conditions, 20 is a smaller 
number which does. Thus the numbers could be written 
3/4 + 7/10 ^ 15/20 + 14/20 = 29/20. 
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You may preiai' -to write this In coluian form as ■ 
3/4815/20 or 15(l/g0) 

' j!- ^ Ixerclsea P - . .. 

1, Find the. sums s . 

(a) 7/8 * 3/8 (b) 3/5 ♦ 6/6 (o) 7/8 ♦ 3/l6 

. (d) 7/8 ♦ 3/5 (e) 7/8 ♦ 9/21 (f ) 7/8 ♦ 11/20 

(g) 11/12 * 3/24 

2, Find the value of the following i - ^ 

(a) 1 i (1/3 * 1/5) (b) (3*5) i (l/3 #. l/S) 

3, Jtfe defined addition so that the numeratorXof the sum of two 
^ ratlorial numbers having equal denominators was obtained by 

adding the numera^rs^ the oommon denominator being retained. 
Is the' sum of two rational numbers having equal nuj^pitors^ 
the fraction w^hose numerator Is the e^^mmon numerator and whose 
denominator is the sum of . the denomlnatorsj ' that Is^ Is 
5/7 + 5/3 - 5/10? Give reasons, . 

4, Find the value of (8/13) - (8/7). . 

5, How would you oubtraot one rational nwnber from another? 

6, If possible using non-negative ratlonala, aubtract from 
7/8 the following t 

(a) 1/4 (b) 2 id) 3/4 (d) 8/9 (e) 13/16 

7, Find the value of '(7/4) [(6/7) ♦ (9/S)_ 

8, Find the values of? 

(a) 0/3 * 7/8 (b) o/a ♦ b/e 

(c) (0/3) X (7/8) (d) (0/k) X (a/b) 
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9. Finds (ft/b) ♦ (e/d) 

10. Why ohould finding the least common multiple of the denom 
InatorB^qf two fraei?lonfl be useful In finding the sum of 
two rational numbers? 

11. Is every whole number a rational number? V/hy? 

12. Two fraotlonfl "O/a and O/b are equal when a and h are any 
natural nu^ero slnoe 0 x h ■ a x 0, Also O/a li aero 
since (O/a) x a ^ 0 and 0 x a e o. Show that If the 
must be zero. (Do you already know that this property 
holds for the whole numbers?) 

property holds for the whole numbers,) 

8. summary of properties of the non-negative 

rational nuntoers . It Is probably worth while to list the 

properties which. we have- found so fa^. The rational numbers 

are repreBented by "order ad pairs" of ntrabera the first of 

which Is a whole number and the aeoond of which Is a natural 

nwaber. We call them "ordered pairs'' since the order In 

which they are written Is Important j that Is 3/4 Is not the 

same number as 4/3. We use the solldua (the nam© for the 

slanting line) to separate them. But we could write 3,4 or 

I or 3<*4 Just as well. We defined equality, sum and product 
4 

and they have the following properties i 

I. (closure ) ttie product and sum of any two, rat lonal 
numbers are rational numbers. 
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2, (exlBtonoa of identity number for addition and multl- 
plloatlon)* The nunber 0 is a rational number and has the 
property that 0 #^ r ■ r for any rational ni^ber, rj zero la 
the identity numbar for addition. The number 1 la a ratlonfil 
number and has the prQperty that 1 x r * r for any rational 
number, rj one Is the Idehtlty number for multiplication. 

3* Addition and multiplication are associative. 

4. Addition and multlplieatln:i are comnutatlve, 

5. The distributive property holds, 

6. The quotient of any two rational numbara Is a 
rational number i£ the dlvlaor Is not zero* ^ 

7. If the product of two rational numbers Is ^.ero, on© 
or both must be zero. ^ ■ = 

8. Zero multiplied by any rRtlonal riMiber Is r^ero. 

Exercise G 

Which of these properties are also properties of the set 
of whole nunbers? 

Ordering; of rational numbers . Let us first review 
a few facts about the whole numbers. V/e are familiar with 
the notation 7 - 5 ? 2, This Is Just another way of writing 
7 - 5 #^ 2,' In words ^ 7 - 5 Is Jb he number whloh^ when added 
to 5 gives 7. Now 5 - 7 is not a whole number since there 
Is no whole number which we can add to 7 to get 5. Similarly^ 
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18 - 10 Is a whole nimber but ^10 - 18 la not. In general, ^ 
one natural number minus another mtural number Is a natural 
number only If the first Is greater than the second. There 
le a notation for this i 7 > 5 or 18 > 10 means "7 Is greater 
than 5" or »18 is greater than 10". We could also say "5 Is 
smaller than 7," written 5 < 7j or "10 Is smaller than l8, " 
written 10 < 18. This could be written in terms of letters 
as f ollows I 

b - a Is a natural nuiiier If b > a, that is a < b. 
These same symbols of Inequality are useful in dealing 
with rational nurtoers. Suppose we wish to compare 1/3 and 
2/7 1 which is greater? One way of doing this would be to 
find their decimal equivalents! this we shall do In the next 
section. Tlie second way, which Is probably simpler. Is to 
replace the pair of fractions by a pair with the sMie 
denominator just as 1" w© were solns to add them. That is, 
1/3 a 7/21 ana 2/7 ^ ,^ 21. Since 7 Is greater than 6, this 
shows that 1/3 la greater than 2/7. Another way to look at 
it is to see that l/3 - 2/7 » l/Sl which Is the quotient of 
two natural numbers. In general , one rational nimbor is said 
■jto be greater than a second rational number If the first 
minus the second Is the quotient of two natural numbers | 
another way to say It would oes one rational nmiiber 1b= ' , 
greater than a second If one can add the quotient of two 
natural numbers to the second to get the first. 
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Notice that we have used "the quotient of two natural 

nwabwra", Vftiy did we not just aay "rfttiohal number"? One 
reaaon is that zero la a rational number and If their differ- 
anoe were Eero, titiey woulfl be equal. Aleo we shall later be 
oonslderlng negative rational numbera^ and we wish to exolude 
them from our daf Jjiltlon* . 

IxerQlaes H 

1. Asaoolats 7/10^ using the appropriate s^bol <^-,> with 
each of the follDWlng: ^ 
9/10, 1/10, i/2, 3/5, 3/4, 3/7, 0, 21/30, 7/5, 7/6, 
7/B, 7/9, 7/11, 7/12 

8, If two rational numbere have the sania denominator^ the 
larger rational nmber has the larger numerator. If two 
rational numbers have the same numerator show that the 
larger rational nimber has the smaller denominator* 

3. Write the following ratloml nurt^ers in inoreas In- orders 
8/9, 18/19, 3/4, 5/6, 25/27 

4» V/rlte all the fractions between 0 and 1 whose denominators, 
are 7 or less, in increasing order of ^ size. Ttiera are a 
number of interesting properties of this set of numbers. 
Can you dlscovar them?'" 

5. If a, b, 0, d are natural numbers show that (a/b}>(c/d) 
if ad>bo, Bhovf also that If ad < bo then (a/b)<(c/d). 
How cQUld this be used to short en^^he computation above? 
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6, If the dlantter of circle is 1, It Is shown in geometry 
■ that the nuiri&'»r of units In the clroun^f erenoe la a number 

designated by ■r and whose value to five decimal places is 
3,14159, The rational number moat often used as an 
approxlraatlon for this number la 22/7, Another approxi- 
mation used by the Bfi.bylonlans Is 355/113, Wh|.ch of 
thfoe fractions Is the greater and which la closer to tT ? 

7, If a and b are two. whole numbers, then Just one of the follow 
Ing relationships holds i a>b, a ■ b, a<b. Show that 

the same statement may be nade when a and b are rational 
numbers, 

8, (Hard) Let r and s be two positive rational numbers with 

r < s. Show each of the following for two pairs of values 
of r and s. For example, use r = 1/3 and s = 2/5. 

a, r < [(r * s)/2]<s. ^ 

b, l/s<[(l/r 4. l/s)/2]<l/r. 

c , r ^ 2 < 8 . 
■ 1/r ♦ 1/fl 



' d. If r B a/b and s ■> o/d, then r < (a^o^Cb^d) < a. 

9. What part or parts of exerelBO 8 show. If they are true 

In general, that betv/een any two rational numbera there 
la another rational number? 

« The notation In the parts ^of the exerolse perhaps need 
further expLanatlon. We write 2 < 4 < 7 to mean "2 la leos 
than 4^ 4 Is less than 7" or, more briefly, '•4 Is betTreen 
2 and and equal, to neither". The correapondi meaning 
would be used for rational numbers. 
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10. (V%^ h&vd) Show that the inequalities ofoexercise 8 hold 
* ' for all poBltlve rational numbers r and s. Begin by letting 
r s a/b, a « e/d, where a, b, c, d are natural numbers. 
. ,10. Decimal equivalents of rational numbers .. We saw above 
that one way to' compare the size of 1/3 and 2/7 was to compare 
their decimal equivalents. To Umber up our pencils and our 
minds, let us start by finding a few deoimal equivalents. 

Exercises I 

1. Find the decimal equivalents to ten placea of each of the 
follcwlngs, 1/2, 1/3, 1/4,. 1/5, 1/6, l/7, l/8, 1/9, l/lO, 



2, Point out any pptterna which you see in thfl deoimal oqulvR' 
lents which you have just CRloulated, In partloular was 
there any stage at which you could wlto dowri the aijawor 
without oarrying the actual division farther? Which of 
the decimal, equivalents were exact? 

First of all let us look at these; decimal ejcpanslonB 
which are exact, that J,a, TfAiloh end with a Btrlng of 
zeroes. We had 1/2 ■ .5, 1/4 ■ .25, 1/B = ,2, l/S s .125, 
l/lO * .1. This kind of decimal Is aometlmeB called a 
, terminftting decimal since It stops. Instead of using the 
dectoal notation we could have UBed frftotlona. Then we ■ 
would have 1/2 « 5/l0, l/4 ^ 25/100, 1/5 § 2/10, 
1/8 = 125/1000, 1/10 * 1/10» 
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Express eaob of the following deoUials as a quotient of 
two whole numbers where the, denominator Is a power of ten, 
that la, on© of lOj 100| ICOOj 10000| etcj 15.78, 1,7893, 

■,.0012, ' . . ' 

Do you believe that every terminating deotoal can bo 
expresses as the quotient of two whole numbers In which the 
denominator la a power of tai'? Why? 

Express each of the following as a decimals 156/1000, 
S7/100Q0> 789/100, 3589/10, Do you bellevo that any 
quotient of two whole numbers in which the denominator Is a 
power of ten, can he expreasorj, as a tormlnatlng decimal? 
Why? " • : 

What oo'nneotlon la th&ra betvssn the anawera for exerolaes 
4 and.6 above? Collect theas reaults Into a single state- 
ment If you can, ' 
The fraction l/S ooulci be written as a terminating decimal, 
as we saw abovo, becavsae It can be written as a fraotlon 
whORe denominator la 1000, namely, 125/1000, 1/25 could 
be written as a terminating dectoal baoause it la equal 
to 4/100, Is there any way that one can determine when 
a rational nuirfber has a terminating decimal without con- 
verting It to a fraotlon with a power of ten as denominator? 

we saw from oxeyolae 7 and other examplefl that If the 
fraction a/b la to have a terminating deoifflal It muat be 
equal to a fraction o/d where d la a power of IQ. Now If 



V - 22 

a/b la In lowest terms. It can be equal' to c/d only If 
b dlvldea d, in otiier words b muit divide n nower of 10, 
For example, 8 must divide 1000 so that l/8 oa ae equel 
to 125/1000, 25 must divide 100 so that 1/25 la equal to 



8. If a. natural number ^Ifl a divisor of a power of 10. what 
oan you say about Its prime factors? (The teacher^ should 
raeall to th© atudent what Ifl meant by '•prime factors" )v 

9, If a number has no prime "factors but 2 or 5 or both, must 
it be a divisor of pd'wer of ten? Illustrate your eon« 
elusion with several examples* 

So wa can summarize what we have found so far by the 
following statement f If a National number has a termlnat* 
Ing decimal equivalent and If the fraction Is In ^lowest 
tems^ then the only prime factors of the denominator can 
be 2 or 5 or both. Conversely^ If the danomlnator of a ' 
fraction in lowest terms has no prime factors but 2 or 5 
or both^ then Its decimal equivalent tentilnates. ^ 

11, Repeating Decimals ^. In the' first exercise of the 
precedlns section we foimd that there were leveral fractions 
whose decimal aqulvalents did not terminate i 1/3, 1/6, 1/7, 
1/9, 1/11. These do not terminate since the denominators have 
factors different from 2 and 5, Next we look Into these In 
more detail. , 
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V - 23 • • . 

One way to wplto a decimal equivalent foi" 1/3 would oe 
,33333,.. where the line under the 3 and the three dots 
afterward Indicate that no matter how far out one carries 
the division ther'e will be' Just | sequence of threes. 
SlraUarly- 1/11 oould be written .090909... where It la the 
pair of digits 09 which repeat as far as the division Is 
carried out. Also 4/3 can be written 1,333... . The frne- 
tlon 1/7 has a repeating portion of six digits i .142867., . . 
such declmalB as these are called repeating deolmals (sbme- 
t lines, periodic deolmala). That Is, a decimal la called a 
repeating decimal when from a certain point on aone flequence 
of digits repeats and continues to repeat no matter how far 
the division Is carried out. Notice that 1.333., , is a repeat- 
ing decimal even though the Initial digit is not 3. Similarly, 
14.835 835 ... Is a repeating deolraal. 

These deolmals which we have found for l/S, l/T, etc,, 
do not give the exact valua for the fraction no matter where 
one outs them off but the farther one goes, the closer Is the 
decimal In value to the number. For Instance l/3 - ,3 
• 1/3- 3/10 » 1/30, 1/3 - -33 l/3 - 33/100 i l/SOO, 
1/3 - .333 • 1/3 - 333/1000 ^ 1/3000 and so on. The results 
of Exercise 2 below show similar results for the expansion of 
1/7. For Instance, .142867 Is equal to 142,857/1,000,000 but 
this, la not equal to l/7 since 7 times 142,867 Is 999,999 
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whloh ia just short of 1,000.000. However 1/7 • .142851 
» 1/7000,000 which la a very email number* 

Exercises J 

;1. Sometimes one writes l/S = .33 l/3, V/hat does the second 
1/3 stand for? Is It the same as the first l/3? Is the 
following truei 1/3 = ,333 l/3? If so, what does the 
sedond l/3 stand for here? ' - 

8. What would one have to add to .142 to make It exactly 
equal to l/7?' What would one havi to add to .1428 to , 
make It exact ly equal to 1/7? 

3, Multiply each of the following by 3i .3, .33, .333, 
.3333. By how much does each of yow reeults differ 

f rom' 1? What connection Is there between your answers 
here and exercise 1 above? 

4, Find the decimal equivalents for each of the following 
fractions. <Do not be discouraged at the size of the 
denominator In some cases. The procesB for some large de 
nominators Is shorter than for smaller one,s,) CBrry out 

division to the point where the decimal terminates or 
begins to repeat. 

(a) 3/a . (c) 15/37 (e) 41/333 (g) l/l3 

(b) S/44 (d) 7/125 (f ) 4115/33,333 (h) l/l7 . 

5, In the decimal equivalents for l/3, l/7^ 1/13, l/l7 do 
you see any connection between the denoftilnator and the 
number of digits. In the repeating part of the decimal? 
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6. DO not carry out the division for 5/413 but guess whether 
or not the decimal will terminate or repeat. Olve reasons 
for xowr gueao. How far might you have to carry out the 
dlvlalon to ahow your guass to he correct or false? 

7, How many different remalndera would it be possible to have 
In dividing a number by 727? vmat would a remainder have 
to be If the deoJjnal terminates? * 

12, Hatlonal Hiuabars Bgulvala nt to Re paatlnfi DeoimalB. 
It is a remarkable faot that the decjiial equivalent of every, 
rational number either terralnatas or Is a repeating deolmal. 
You may have auessed this already. To oee why It is so, con- 
sider first a few divisions. First take 4/15 (thla division 
Is to be written out). Here, the remainder after two divisions 
is the flame as after three and the prooess just repeats Itself, 
Consider the decimal for 2/7 (this division is to be written 
out). Here the first remainder is 6 and the remainder after 
six more divisions is 6, which means that the series repeats. 
Consider 575/17 (this division to be written out). The first 
remainder is 6, the seeond Is 14, the third Is 4 and the 
fourth 6 ; It does not at this point begin to repeat since 
the first 6 occurred before zeros were adjoined. But as 
soon as a third 6 occurs as a romainder the decimal will 
begin to repeat, . As a matter of fact, the remainder 1^, is 
the first one to occur again and the decimal will start to 
repeat at this point. 
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Thus In finding the decimal equivalent of any^ratlonaa number ^ 
either the deolmal will temilnate or^ from a oertaln point on,, 
one must continue to adjoin zeros to the dividend. If, after 
zeros are adjoined , . two remainders are the same the decimal 
begins to repeat and continues to do so. Why^must two of these ^ 
remainders be equal? The last two exercises In acerclses J 
.^^hould be a help In reaching. the answer to this question. 

In division by 17, the only possible remainders would be 
0, 1, 2, 3j $15$ l6i If a remainder Is zero, the decimal 

will terminate. Prom what we have shown above, this would not 
happen If the fraction were In lowest terais since the denomlna- 
tor has factors other than 2 and 5* If the decimal does not 
terminate, there would be only l6 possible remainders. Suppose- 
In finding the declmai equivalent of 1/17 the first sixteen 
remalndfrs were all different (we saw above that this was Indeed 
the case). Then the next one would have to be a remainder that 
had occurred before. Similarly, In dividing by 37. there would 
be not more than 36 possible remainders and If the first ^36 we^e 
all different, the next one would have^ to be one which had 
already occurred. Actually the first three remainders In com- 
puting 42/37 are 5, 13, 19, and the fourth remainder ds 5 again. 
Since the first remainder ocourred Jupt before a zero was adjoined 
to the 42, the declmai repeats from the fourth remainder on. 
It Is 1.135135 it* . Hence It Is not necessaiy that all the 





remainders occur before repetition. But we can be sure In 
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every case tKa.t'the largest possible number of digits In the 

« i. . • 

repeating part of any repeating decimal Is one less than the 
divisor. 

This dlsouaalon ahowa that every rational number has a 
'deolmal equivalent which either terminates or la a repeating 

decimal • 

• so far we have oonaldered converting rational number a 
Into their declraal equlvalenta. Suppoae we have a repeating 
deolmali .1312 .... Can we find a rational number which It 
represents? Before trying this let ua go back tu one which 
we already know and develop a method for deallns with lb so 
that we may apply It to the case at hand. 

Consider the deolmals ,333 ... , Let the letter n ■ . , 
stand for this nuiiber. Then ten times this number, that la 
lOn w^ll be 3,333 .,. . That Is", we have 

lOn ■ 3,333 .., 

If we aubtraot n thlnss frmn lOn thlnga we have 9n things. 
(This can filso be seen from the dletrlbutlve propertyi 
lOn - n ■ (10 - 1) h - 9n). And .333 ... aubtraoted from 
3.333 ... is 3.000'. Hence we have 9n s 3,. But, using our • 
notation for a rational number, we see that, this means n ~ 3/9 
which is equal to 1/3. This Is a complex way of showing that. 
1/3 has the- decimal equivalent given above but It la uaeful 
to loolc at this prooesB since It will apply for more difficult 
deolmalaa . ' 
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■ Now let MB rettJrn to,. 121212 .... Try Instead lOOn - 
12.1212 ... . Then 99n = 12.000 and n « 12/99 which x-eduees to 
V33. 

We do not attempt to give a foiroal proof that every rep^Jt- 
Ing decimal represents the quotient of two natural numBBrs, 
that Is, a rational number, but viorkifis the exercises which 
follow should be evidence in that dlrfactlon, 

pxerelaes K 

1. Find the ratloml number whose deolnal equivalent Is 
.121212 .•. . . Find the rational number whose deoJ^al ^ 
equivalent Is .121121121 ... . ■ . # 

2. ^press each of the following in the foim a/b where a and 

b are Integers: .343^^ ... , 1.3lt3i^3i ... , 12,^3^ ... 
.567567 ... , 1.234l234l23i ... ,5T61. 23123123 ... . 

3. Can you formulate any rule for detemlnlng what n Is to 
be multiplied by In dealing with such repeating decimals? 

4. liook again at, the number of digits In the repeating 
parts of the decimal equivalents for- 1/3, l/T, l/H* 
1/13, 1/17. We have seen above that the number of digits 
In the repeating part cannot be as great as the denominator 
Can you discover aw sharper relationship? 

% 
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UNIT XIV 

MATHEMATICAL SYSTEMS 
A New Arithmetic 

1+2 = 3 
3 + 3 = 1 
2 + 2 = 0 

Here^re^aome new aiMbar facts. Do thay aetm a little strange to 
you? We might nail this "oloek arittaatlc." We have used a four-minute 
cloek -- one whieh might he used to time rounds and intermiiaions in a 
boring match* 

Let 'B see how this kind of arithmetie works. If the hand is at 1 
alnuta, and moTes for 2 mlnutea, then it is at 3. We can write 1+2=3 
If it is at 2 and moves for 2 minutes then It la at 0. We write- 
2 +'2 - 0, If it is at 2 and moves for 3 minutes, then 'It stops at 1, 

Wo W'lte 2 ♦ 3 ^ 1« 

Wa make an addition tabla for this ayatem of arithmetic thusi 



+ 


0 


1 


2 


3 


0 


0 


1 


2 


3 


1 


1 


2 


3 


0 


2 


2 


3 


0 


1 


3 


3 


0 


1 


2 



We read taM.ea of this sort by following across horiwntaHy Srm 
Ei^ entry in the left column, say 2. to the position helow some, entry 
in the top row, say 3. The entry in t^s position in the table(s) is 
then taken as the result of combining the element in the top row with 
the element originally picked out in the left hand eolum. to the case 
abeve we write 2+3-1. Check that 3 + 1 « 0 in this table. 

'4»i*9-5+l? la 2+3=3+ 2? What does this 
Studying wr table, is 1 + 2 - z + a/ ib ^ -r j j 

suggest; to us about thia kind of writhmetlc? 

^ ' ' U8 
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Is (1 + 2)+ 3-1 +(2 + 3)? 

Is 1 + (1 + 2) - (1 + 1) +2? 
Chaok aom@ other ©mmplea. What does this suggest to us? 

Let's compare this new arithmetic with ordinary arithmetic* 
1* What are the ntabera of the ordimry arithmetic? Of this new 
arlttaetic? 

2* Does additiori haTe/the coiBmitatlve property in this new arithmetic? 

3. Does addition have the associative property in this new arithmetic? 

4. Is there an identity eltment (an element wMch when CQmbined with 
My other element prodUQei the "other*' element itself as the result) 
for addition in tMs new arithmetic? 

We caU this new kind of arittoetic "mDdular arittaetic"| and the 
ntmber 4 is called the moduluap We say this system is arittaetlc mod 4. 
The arithmetic of the three-minute egg timer is arithmetic mod 3* We 
can write an addition' table for mod 3$ mod 5^ mod 8 we can have as 
many modulaiLJtrfEttetics as we have natural ntmbers. 

Exercises * 1 

1. Make an addition table for mod 3, mod 5, mod 6j and mod 8» What 

are the numbers for each? Save for use In Exercises 8. 
2t Using the mod 5 addition table, find simpler nMies fori 



1 


+ 


2 


2-4 






(3 * 


4) - 3 




3 




1 


4 + 0 






(2 - 


3) - 3 




0 




3 


(3 + 2) + 


4 




(1 - 


4) + 4 




4 


+ 


1 


3 + (2 + i 


^) 




3 + 1 


[3 - 1) 




3 


+ 


2 


(4 - 2) + 


3 




(3 + 


2) + (2 - 


1) - (4 - 3 


3 


+ 


4 


(3 - 1) + 


(2 


+ 4) 








1 




2 , 


4 - (2 - : 


0 










3 




2 
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3, You have only s five-minute clock. How many full turns would 
hand If you were using It to tell you when 23 minutes had 

passed? Wtere would the hand be at the end of the 23 minute 
interval? If you continue then for 1? minutes where is the haM? 

Can you figure out an easy way to work problems like this 
without coTinting on the clock? Tiy it. 
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V^t is m Ope wit ion ? 
' We are familiar with the operations of ordinary arithmetic — 
addition, multiplication, subtraction, and division. In the preceding 
©Mreises we did a different kind of operation. We made a table for 
the new addition. This operation Is defined by the table, because It 
tells us what we get when we put two numbers together. Study the fol- 
lowiiig tables* 





1 


2 


3 


4 




1 


2 


3 


4 


5 


1 




3 


4 


5 


1 


2 


3 


4 


5 


1 


2 


3 


4 


5 


1 


2 


3 


4 


5 


1 


2 


3 


4 


5 



(b) 



+ 


3 


? 


7 


,3 


6 


8 


10 


5 


8 


10 


12 


7 


10 


12 


14 


9 


12 


U 


16 




8 9 10 11 12 



9 10 

10 11 

9 10 n 1£ 

10 U 12 1 



1 
2 
3 
4 
5 
6 
7 
8 



2 
3 
4 
5 
6 
7 
8 
9 



11 

12 
1 
2 
3 
4 
5 
6 
7 
8 
. 9 
10 



12 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
li 



8 


1 a 


3 


1 


3 1 


2 


2 


• 1 2 


5 


3 


2 3 


1 



1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 



We a©© that thee© tables show us a way to put two things together 
to get one and only, one thing.- For escample, 

2 + 2 - 4 in both tables (a) and (o) 
. ' 2 ^ 1 ^ 5 and 2 ^ 2 ^ 6 in table (d) 

Whtn we tove a way of putting two things of a given set together 
to get a third, we say we have a binary operation . For instanoe, 

8 and 2 when added givea us 10* ' 
8 Md 2 when multiplied gives us 16. ^ 

8 and 2 when "gumptlfied^ gives us 18* When 6 and 4 are 
zumptlfied we get 16# ^ 5 and 1 when smptlfied give us 
11, Were any of tha tables a ''roiptif laation*' table? 
This doesn't mtM that we ean always put things together in any 
order* For emmplep 

2 = 5| but 1 2^ 2 ^ 4 

For thda reason^ wa muet rememl^r first that wbtn wa aKplalned how 
to read a table we deeided to write the element in the left hand coltuan 
first and the element in the top row second with the operatioB^s ^mbol 
between them. W© must then remem^r to. examine eaoh new operation to 
see if it is commutative and assooiative. » 

Exercises * 2 

1* Use the tables of operation on page 3 to Mswer these questions. 

A B 

(a) 3 + 3 ^ ? if we use table (a) (a) 12 + 12 ^ 

(b) 3 + 3 ^ ? if we use table (b) (b) 10 + 6 - ^ 
io) 3 n 2^ r (c) 3 i 1 ^ 
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(d) 2 9 2- (d) l£73 = 

(f) 11 + 12= (f) 2©3©3 = 

Which of the blnai^ operations deacribr,d in the tables on page 3 
are CCTnutative? associativa? Is there an easy way to tell if an 
operation is eommtative when you esamin© a table gf eperatloni? 
What is it? 

Are the following binair operatlona commutative? associative? 
(i) Seti All naturaa numbers less than 50. 

Operation; Twice the first added to the second. 

E»mplei 3 combined with 5 produces 11 (2 x 3 + 5 = U) 

(b) Set; All natural numbers between 25 and 75. 
C^eration! Choose the lesser number. 

Qfflunplei If the two numbers are 28 and 36, the third number v' 
associated with them by this operation is 28. 

(c) Set; All natural numbers between 500 and 536. 

deration I Choose the ^eater number, ' • 

EjcMiple-. If the two numbers are 520 and 509, the third number 
is 520. 

(d) Sets The prim© numbers 
Operation; The larger number. 

(e) Set; AH natural numbers. 
Operation? I^st Common Jtoltiple. 

EMple; If the n^bers are 4 and 6, the third number determined 
by this binaiT' opeimtion la 12. 

(f) Set: All natural numbers. 
Operationi aceatest Common Factor, 

(g) Set I All natural numbers. 
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Operationr Given two natjiral numbers, m and n, the result of 

the operation is 
(h) Set I The prime numbers* 

Operation I The larger niunber, 
(1) Sets Gallon cmB of paint In different eolora. 

Oparatipni Miring paints 

4. Make up a table for an operation that has the commutative property. 

5. Make up a table for an operation whioh does not have th© coi^tatlve 
property* 

Mere a1:^ut Oloaure 

We alraady have an acqualntanoe with the idea of oloswe. What do 
you remember from that to ief introduotlon? 

W© re^ll that a set la oloeed wader an operation if we ewa always 
do that operation on any two iwmbera of the yet and gat a unique third 
number which is a Mmber of the set. The two Mmbers we atar-t 

with may be the same one* For example^ 

(1) We obaerved that the set of even nimbers is closed 
under addition* This means that if w© add any two even 
numbers^ we get a third, even number. 

2+2^4 (We used the same nmbar*) 

U + 6 ^ 20 " . 

44 + 86 ^ 130 

(2) We observed that the set of odd numbers is net closed 
under addition* This mewas that if we add two odd niMbers 
we do not get a third odd number. For mmmplm^ 3 + 5 ^ 3« 
Is this a ease where one example Is enough to show that 
closure dnes not hold? We qbm actually give more espies. 
The sum of two odd numbers Is always /outside the set of odd 
numbers. 

is- -121 

1^9 
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. (3) We obagpved that the set of natural numbers is not ^ 
closed under subtraction, that 1b, take a pair of numbers, 
6 and 9, and subtract. 6 - 9 - but no natural number has 
the namo, "6 - 9.« Xet, we ean subtrtot 6 from 9 to give 
us the number, 9 - 6, The standai-d symbol for thia number 
is "J". 

(4) We observed that the set of natural numbers la not 
closed under division. It is true that 2 is a natural 
cumber, but there is no natural nmber, |. What are some 
other illustrationB of closure, that is, sets closed 
under an operation and seta not closed under an operation? 

C ' Exercises - 3 

Study a^m the tables on page 3. Whieh sets are closed under the 
operatleni Whieh sets are not closed under the operation? How do 

\ ^ ' ' 

you Imew? 

Whieh of tha aystOTS d©sorlb@d below are elosad? 

(a) The aet of even nmbers iindar addition. 

(b) The sat of even numbers under ffiultiplieation* 

(c) The set of odd numbers under snultiplioatloia. 

(d) The set of odd numbers wader addition. 

(e) The set of multiples of 5 under addition. 

(f) The set of multiplefl ©f 5 t^er TObtraction. 

(g) The set of eTen numbers used in telling time under cloak addition, 

(h) The se% of odd numbers us^ in telling time under olock addition. 
(1) The aet of numbers mod 7 under subtract ion. 

(j) The set of natia^l nmbfers less than 50 under the operation 
where the third ni^ber is the smaller of the two numbers. 

121^ 




(k) The aat of prime mmberB under addition. 

(l) The set of numbers whose numerals in base 4 end' in or '2' 
under addition. 

(m) The set of nvmbars whose numerals in tese 5 end in '3' under 
addition • 

laentlties (or Identity Elements) 
In our study of the number one in ordinary arlttaetlai we observed 
that any number acultiplied by 1 gave that s^e ntaiber, that %Bp the 
produet of ^y mmber and 1 la the n\amber, like, 

2 ^ 1 ^ 2 3 % 1 ^ 3 156 X 1 ^156 | ^ | or, for 
at^ number in ordinal^ arithmetic , n * 1 ~ n* 

In our study of the number ^erop we obsei^ed that the simi of 0 
and any number in ordinary arithmetic gave the nmber, that is, 
2*0^2 3+0^3 468 + 0 = 468 y + 0 - or for any number Jji 
ordinary arithmetic, n + 0 - n. 

One is the identity for multiplication In ordinaiy arithmetic* 
Zero is the identity for addition in ordina^ arithmetic * 
What is the identity for the arlthmetla of the 4-minuto clock? 
for our ordinary olook? 

What tables of operation in Exercises 1 have identities? What Is 
the identity for each? 

Inverses 

If we add two things and get the identity for addition, then w© 
call them additive inverses of each other* For ©3EMaple, in the taW© 
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2 


3 


0 


is the identity. 
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0 


1 


2 


3 
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1 


2 


3 


0 


. 2 


+ 2=0 


2 


2 


3 


0 
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3 


+ 1 « 0 
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0 . 


1 


2 


X 


,+ 3 = 0 
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These pairs of numbers, 2 and 2, 3 and 1, 1 and 3, ar« said to be 
Inverses of each other. Each element of the set has an inverse. The 
inverse of 0 is 0, the inverse of 1 is 3, the inverse of 2 is 2, and 
the Inverse of 3 is 1. 

ExercisftB - 4 

1. Study tables on page 3. 

(a) Whieh tablea have an identity and what is the identity? 

(b) Pick out inverses in these tables. Does each member of 
the set have an Inverfle? 

Bqm Algebraio Syatema 
We have an algebraic system when the following statements are true 

1. There is a set of things - these things need not be numbers. 

2. There is one or more operations. 

3. There are some properties concerning the operations and the ^ets 
of things — such as the commutative property, the associative 
proper'yy, closure, identities, inverses. 

Let's loo"^ at egg-timer arithmetic — arithmetic mod 3- 
1 2 0 



2 0 1 
0 12 
12 0 



(a) It has a set nf things. These are numbers -- 0, 1, 2. 

(b) It has the operation, +. 

(e) The opemtlon of + has the comnutative property. Can 
you tell ^ the table? If so, how? We can mato some 
ehacks too. 1 + 2 = 0 and 2 + 1 = 0, so 1 + 2= 2 + 1. 

(d) Tiiere Id an identity for the operation, + (the number O). 

{is) |T©ry mem^r of the set has an inverse for the operation +. 
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Algabralc Systems vithout Nimbera 

We may haTe algetoaie systems without numbers in them. Suppose 
we invent one* What do we need? 

We must have a set of things. Then, we need some Mnd of operation 
something we ean do with two of the things to get a third. And there 
must he properties ooneerning the operation and the things in the set* 

Let»3 start with a post eard — really reetM^lar shaped mt^ 
will do* Instead of a set of numbers we will have a set of ohmgej of 
poaition* We will take only those changes which make the card look 
like it did in the beginning (except that the marks on the ooroers may 
be moved aromid)* How many of these ohmges are there? 

We may start with it in some position which we will call the 
original position* We will say it looks lik« this: 



A 


B 


D 


C 



Letters in the corners of the card will help us see the different 
changes. One new poBition may be like this. The ehange of position 
was turning the card frra its original position on its horizontal «ia. 




Rorliontal axis 



A second change of position is thisi 
(Turn the card from its origiMl 
position on its vertical axis.) 



B 


1 
1 
1 
1 
1 


A 






Q 







There Is a third cimnge — we may tmii the card from its original 

position halfvsy around its center. It looks like thlsi 

127 • 
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toother ahang© is to leave the card as it is# 
Here are the four ehanges of position i 



D 


a 


i 

A 


B 




I H V 

We can sot^ make up our mathematioal system* The set of thingi in 
our system is the set of changes I, H, V, aiad H« We will need an opera' 
tion* Let's make up one — it is 
H * V means first do change H 



Than, do change V 






C 


D 


is the 


B 





same. ohMige as chmige R. Therei'ure^ H * V ^ R 
What shall we eaU this operation? 
Complete this table: 



* 


1 I 


H 


V 


R 


I 


T 


H 


V 




H 


H 




R 




V 






I 


~H 


R 






H 


I 



Is this really an operation? What properties esdst between th^ operation 
and set of things? 

Exercises - 5 

i;, EjEMlne the taUe of operations for the chMges of the reetMgle. 

(a) Is the set closed to this operation? 

(b) Is the operation eOTmutative? 

(c) Is the operation '\^soclatl^e? 

(d) Is there an Waatity for the operotion? 

■ ij^i 
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2. H©ra is anot^ar system of changes • Take a triangle 
with two equal sides* Label the eornera "A", "B", 
«C", so it will look like thisi 

The set for the system will consiot of two chajages* 
The^flx^at change, callod Ij will be "leave alone" , 
The second change, called M, will be "flip the 
triangle around its vertical axis,*' 
M^I will mean fUp the trlMgle about the vertical axis and than 
leave the triangle alone# How will thm triangle look — as if it 
had been left alone, I, or as if the change M had bean made? 
The operation, called 1^ Iss First do i and then do 




Always start the operation with the triangle in this position* 




Does M or does M^I ^ I? 

(a) Complete the table below i 
I M 



3. 



I 
M 

(b) Is the set closed for this operation? 

(c) Is the operation ccmmutatlve? asiociatlve? 

(d) Is there Identity for the operation? 

(e) Does each pember of the set have an inverse for the operation? 
Make a triMgle^with three eqml sides. Label its corners "A", "B«, 
«C"p like this I /i\ The set for this ,fystem will 




be aade of six changes* T&ee of these will be flips about the 
axes, and ttoee will be turning the triangle aromd its eenter# 

' 229 . 
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Make a table for theie ehangea. Examine the table. la this 
operation comfButatlve? Is there an identity change? Does eadh 
change have an inverse? 

Try making a table of changes for a square. 

There are eight changoo. What are they? la there an identity 
change? Is the operation eoMiutative? 

Thia is the table of changeo of a triangle with two equal 8idoa|, 
Fill in thia table of operation for addition 

0 1 



0 


I 


M 


Fill in thia 


I 


I 


M 




M 


M 


I 


modulus two. 



Suppose a "0" is put in place on every "l" in tbe table of change 
and a "l" is put in place of every "M" and a -is put in pUce 
the "^^0 What would the reBultlng table be? 

The two tables use different symbols, but have the same pattern. . 
We. may then expect them both to have the same propartiea. ' 
Another ffiathematleal system which does not use numbers is the 
system of changing tires on a tricycle. Suppose tires on a 
tricycle are labeled like thisi AC 

BO 

By switching two tires we could get 

•r o. • ■ \ 

^ switching all three tires we wpuld get 

BO / CO. 

C§ ^6A AO-i -4eB 

Th© set ill mAm ot tire ^itahesi not tires, 
(a) Wtat wUl^l^ ^pe»tion ^? 



AO 

or 
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(b) Giv9 a nane to each of the five switches above. Let "I" be 

the ■identity awitch'', t^t is the f^tch which aakes no 
ohMg© at all. mke a table for the 'system of switchlsg 
ti^BB ©n a tricycle. • 

(c) Doea thii tabl« have the Mm© patter as the table of ahanges , 
for a trlMgle with ttoe© eq'ual sldti? 

(d) Was the operation for ohasges of the triangle eommtatiTe? 

(e) Is the operation of tire jwitohing cOTSutative? Cheek mA 
see* ' ' 

7, Thpre are ttoee piotures on the wll. We can lw?e them alone, 
switch two, or switah all ttoee in TOrlous ways. See If you aan^ 
sake 'a system end a table for switaMng pictures. ^ Remember to ^ 
ImTe a syst^ you need a set of things, m& an operation. What 
pi^trtles do you find in this system? 



Algebraic systems may b? defined without even having a geometric 
kodelT This can be done^by^'ia^ely giving the set of elements mi the 
result of combining My two of them. Each of the following three tables 
defines an algehrale ^stem. 



(a) E 



f R 
V 



■E 
R 



W 
W 



# 


Po 


h 


Pa 


P? 




P2 


P3 


fo 


Pi 


Pi 


P3' 


Pa 


h 


Pq 


h 




Pi 


h 


h 




h 


Po 


Pj 


Pa 



(e) rs} 



X 
^ V 



A □ X V 



^ □ X V 

X V An 

V A □ X 

131 , „ 
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. Use these tables' to complete the following statementfl eorreetly. 

(a) WirR- (a) ?! » ^2 « V-^^ 

(b) ^^X- ^Z*h= 

. (c) V^V- ' Po * (k) RirR = 

(d) RirW= (h) a^X^ (1)^P3*P3- 

2. Whloh one, or ones, of the binai^ operations ir, haa an identity 

element? What is it in each case? 
. Which one,, or ones, of the operations ir, *, Is comutatlve? 

ProT6 your Btateaent* 
i, use the tables to "compute" the following [Assume ttet^^parentheses, 
0, mean that the quantity 'enclosed by them is to be computed first . 
and then treated as a single element] i 

(a) Pq * (Pi * Pa) = ^2 * (PO * « 

(b) ' (Po*Pl)*P2 = (8) ^■^C^'-X) « 

■ (e) Po*(Pi*P3)=- . (h) (A'~^}^X-.^ 

(d) (Po*Pl)*'P3" (V-^a)-A-' 

(e) (Pa * Po) * h = . (□ -^^) « — ^\ . 

Does either t^Tlb) or table (c) seem to represent m assoeiative 

operation? How could you prove yoxir statement? What would another 

person have to do to prove you wrong? 

Svatems of Hatm^l Nuabei s and Wtele ft^ga 
The natural nimbers fom an algeteaie system rader ^h the opera- 
tions of addition and Bultlpllcation. What are »mm of thete ^opertiei? 
The natural nonbera have an identity element with respect to multiplictt- 
tlon. What i« it? Do they have an identity element with respect to 
addition? 
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If take the systMi of nattM'al fiumbarfl and oaa more ©liment, 
tKo smber lerOy we get a new and different nathematloal ^stem ealled 
the system of whole nmbers * Whleh of the properties listed for the 
natural mmbers are also possessed ^ the whole numbers? Do the whole 
nwherS/haTe any additional properties? 

E%eralses - 7 

1, Met the i^opsrties of these mthenatloal systems. How are they 
the aaiae? In what wa^s are they different? 

(a) The systra of natiml nwbers and addition wd multiplioation* 
'(b) The system of whole nimbers tmder addition Md multlplioatlona 
(o) The system whose set is the set of odd numbers and whose 
operation Is multipliMtion. 

(d) THe system whose set is the set made up of sero and the 
multiples of 3f and whose operation is multiplication. 

(e) The systtii whose set Is the set made up of lero ud t^e 
m^Aiples of 3^ and whose operation is addition* 

(f ) The system whose set Is the mwmn nimbers and whose operation 
is addition. 

(g) The system whose set is the fraotlons between 0 and 1 and 
whose operation is multiplication. , 

(h) The BBMB set as in (g) tmder the operation of addition. \ 

2* Ibke up an algetoaic system (a combination of a set and m operation) 
of yow ovm. Make at^east a partial table for yoiu* systw. (Could 
you make caqplete tables for the operations in Exercise 7 as we 
could for those in Exercise 6? Why?) Idat the properties of yom* 
system. 
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Mora about- Modular Arlttmttie 
We have seen modular arithmetic for addition. If we put in multi 
plioation we will get a different matheiaatieftl aystea. With both 
operatione, modular aritlpetie will be more like ordinary arithmetic. 
Complete the nultlplieation tables for 



0 
1 
2 
3 
4 



mod 5 
1 2 3 L 



and 



0 
0 
0 
0 
0 



0 

1 

2 
3 
A 



0 
2 
4 
1 



0 

3 
1 



0 
4 
3 



0 
1 

2 
3 
4 
5 
6 
7 



mod 8 

2 3 4 5 



0 
0 
0 
0 
0 
0 
0 
0 



0 

1 

2 
3 
4 
5 
6 



0 
2 
4 
6 



0 
3 
6 
1 



0 

4 

0 



0 

5 
2 



0 
6 
4 



7 
6 



List the propartiei. (commutative, associative, closure, identity, 
inverse). Does, the distributive property for multiplication over 
addition hold? Is it true that if a product is nero at least one 
of the factors is zero in mod 5? in mod 8? 

Modular arithmetics may be thought of ar-aatheraatical systems 
with two operations. Just as we can solve problems using ordinary 
arithmetic, we can solve problems using modular arittoetic. 



Exercises - 8 



B 



1, Find the sum of i 

(a) 1 and 5 mod 8 

(b) 4 and 3 mod 8 
(o) 4 and 4 >8 

(d) 4 and 5 mod 8 

(e) 0 and 6 mod 8 

(f ) 6 and 7 nod 8 



(a) 3 and 2 flod 8 

(b) 6 and 5 mod 8 

(c) 7 and 7 nod 8 

(d) 0 and 2 mod 8 

(e) 7, 3, 5 and 1 mod 8 

(f) 6, 7, 7 and 5 maJ 8 
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(g) 3i 5 ana 3 mod 8 (g) 

(h) 7, 6 and 4 mod 8 (h) 

(i) 3i 7 and 6 nod 8 (i) 

(j) 4 and 2 mod 5 (j) 
(k) 7 and 2 mod 8 (k) 
(1) 7 and 2 mod 9 
(in) 7 and 2 mod 10 (l) 
(n) the flrBt three even 

nimbers, mod 9 (0, 2 and (m) 

4) 

(o) the iBultiplas of three 

that are betwaea 5 and (n) 
10 in arlthmatle mod 12 



(o) 



Find 


the products s 




(a) 


3x5 mod 8 


(a) 


M 


2x3 mod a 


(b) 


(e) 


2x3 mod 4 


(c) 


(d) 


2x3 mod 5 


(d) 


(e) 


2x3 mod 6 


(e) 


(f) 


5 % 8 -mod 7 


(f) 


(g) 


32 mod 5 


(g) 


(h) 


72 mod 8 


(h) 


(i) 


6x4 mod § 


(i) 


(J) 


3 % 4 X 6 mod 9 


(i) 


(k) 


43 5 


(k) 



5 and 4 mod 7 
6, 3i 5 and 5 mod 7 
10, 8, 6 mod 12 
12, 3, 9, 2 nod 15 
the first four eYen numbers 
mod 12 (0| 2, 4 and 6) 
the first three prime numbers 
mod 9 

the multiples of three that are 
T^tween 0 Md I4 in arithmetic 
mod 15 

the ^eatest common factor of 
4f 6 ttd B-^ and the p*eatest 
gojmon i^aator of 6 and 9 in 
arithmetic mod 12 
the numbers less than 10 in 
arithmetic mod 13* 

2x7 mod 8 
5x3 mod 8 
5 X 3 mod 9 
5 X 3 . mod 10 
12 X U mod 18 

4 

6^ mod 8 
lO^ mod 12 
7x6x7 mod 9 
8 X a X (5 +4) mod 11 
(3 + 4) X (9 - 5) X (5 - 2) mod 13 
5^ mod 9 
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3, Find the quotients i 

Rentmber that division is always defined after we taow about multi- 
plication. Thus, in ordinary arithmetic the question "six divided 
by 2 Is what?« means, really, "six is obtained by multiplying 2 by 
what?'' An operation which begins with one of the numbers and the 
^ nanswern to another binary operation and asks for the other nuttber 
is called an inverse operation. Division is the inverse operation 
of multiplication. 

(a) § mod 8 (a) | mod 8 

(b) I mod 8 (b) 5 aod 8 

(c) I mod 8 (c) I mod 8 

(d) I mod 5 (d) I mod 5 

(e) I mod 5 . (e) I mod 5 

(f) I nod 8 (f) I mod 10 

4, Computes Remember, subtraction is the inverse operation to addition. 



(a) 


7-3 mod 8 


(a) 


7-5 mai 8 




(b) 


3,- 7 mod 8 


(b) 


5-7 mod 8 




(c) 


9-2 mod 10 


(c) 


10-3 mod 11 




(d) 


2 - .9,iiod 10 ^ 


(d) 


3-10 mod 11 


i 


(e) 


3-4 mod 5 


(e) 


2-5. mod 6 




(f) 


3-4 mod 8 


(f ) 


2-5 mod 10 




(i) 


2 - 5 mod 9 


(8) 


2-6 mod 12 ' 




(h) 


'3-6 mod 9 


(h) 


3 - 7 mod 12 




(1) 


4-7 mod 9 


(i) 


4-8 mod 12 






4 - 8 mod 9 


ii) 


4-9 mod 12 




(k) 


Does (4-7)=(l-4) in 


W 


For what modulus does* 1 - 3 = 


5? 




arithmetic mod 8? 


(1) 


For what modulus doe^ 5*9 = 


10? 




Does (6-2)=(3-9) in 










arithmetie mod 10? 
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Study this modular arithmetic table: 





0 


1 


2 


.3 


4 




0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


§ 


2 


0 


2 


4 


0 


2 


4 


3 


0 


3 


0 


3 


0 


3 


4 


0 


4 


2 


0 


4 


2 


5 


0 


5 


4 


3 , 


2 


1 



(a) What is 5 x 5 mod 6? In tMi product the factprs were tb© samt 
When a product has two Identical factors we call one of thmm 
the square root of the product, 5 is the square root of 1 in 
arithmetic mod 6, Are any other samples like this listed la 
the table? 

(b) Does 1 have any square roots other than 5? 

(c) .Does every number have two different square roots? ' ^ . 

(d) Does any number have just one square root? 

(e) Does any number have no square roots at all? • 

(f) Fill in this chart I - 



Niifnb«T> 1 Snuare Roots of the Number 


0 




1 




2 








4 




5 





Consider the system of natiiral numbers, 

(a) Can you find a number that has a square root? Wlmt Is it? 

(b) Does more than one niamber have a square root? 

(c) Does evi^* nmber have a square root? ftrove it* 

(d) Does any natural number have more than one square root? 

(e) Fill in the chart with nimes of natiural niwibers less thwa ^llO. 



S^ber 


1 L 9 


Square Roots 




of tfae 


12 3 


Number 





